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MULTITURN INJECTION OF AN ELECTRON BEAM IN A STORAGE
RING

Grigor'ev Yu., Zvonaryova O., Zelinsk&, NSC KIPT, Kharkov, Ukraine

Abstract 2 THE EQUATIONS OF MOTION AND
In report the radial-phase motion of electrons in a storage THEIR SOLUTION

ring is investigated. The expression for Hamiltonian ) ) ) ) ]
connecting amplitudes of two modes of oscillations ig'he differential equations of motion of a charged patrticle

received in view of nonlinear magnetic fields of the third" @ horizontal plane of a storage ring look like [6]:
order. Received Hamiltoniahas a stationary point of a dx 4 _

type "limiting cycle”, which in coordinate space defines@_ z AmXm = R (x.0)

an equilibrium orbit. The existence "of a limiting cycle" =1

allows to carry out multiturn injection of electron beamF;(x,0) = —~gxX3 + S — SX8X3 + QX% (1)
with final phase volume in a storage ring. The conditions
of realization of multiturn injection are received. Fa(%.,0) = F3(x,0) = F4(%,6) =0,
The results of researches can be used and for storesafere
particles with large weight. X, = dx,/d6,
X,- a deviation of an electron from equilibrium orbit,
1 INTRODUCTION X,- a relative deviation of an energy from an equilibrium

e{alue,

Much attention (see, for example, [1-2]) were given t _ I
( ple, [1-2) g - a deviation of a phase of oscillations from an

the study of a problem of a multiturn injection in storagé* fibri |
rings. Researches of the particle injection in systems W:ggw It rlur?] va u?j’.
stable motion round an equilibrium orbit is carried out irf’ azimuth coordinate.

most cases. In the condition of a steady motion aboMatrix (A_) dgscr_ibe effect Of. eIe_ctrom_agnetic fiels_ of
closed orbit the "reflexive” Poincare theorem [3-4] jStorage ring in linear approximation without taken into
fulfilled which hampers a realization of multiturn 26COUNt radiatiol(6+6) = A(6),

injection of a charged particles beam. __ eK52 dH, __1 eKa2 d2HZ
In the this report the multiturn injection in a storage ring, PoC Oy ’ 2 pC  d@ '
) . . : . 2
in which there is no stable motion about closed orbit 2 .3

during injection, is investigated. In this case in the spacg - _1€Ko” d°H,

of dynamic variables there can be a stationary point with 6 poC dx% ’

the type of a "limiting cycle". A closed orbit becomes gyhere

limiting set for other trajectory. Particles can be injected . charge of an electron,

in a storage ring along this trajectory unlimitedly long - velocity of a light,

and at small deviations from it - quite long. The "limit, _; ilibri i
cycle" in a storage ring carry out with the help Otl%o zlrgf;/l;l,s,e of an equilibrium orbit,

impulse sextupole and octupole magnets. Aftefy. perimeter of equilibrium orbit
realization of the injection the impulse elements switclg _ perjod

off. . . ] ) H, —axial component of a magnetic field.
We obtained expressions for a Hamiltonian of a set qf the equation (1) the most important nonlinear terms up

equations describing motion of electrons in a horizontg the 3d order inclusive are left. For the solution of this
plane of a storage ring taking into account nonlineagqyation the method of average of Krylov-Bogolyubov
magnetic fields. The task was solved in the firsj5) s applied, using representation of a solution of the

approximation by the Krylov-Bogolyubov: method [5]. homogeneous equation (B,£0) in the Floquet form:
At deriving the short equations for guadrates of an _ (OB 4 o5 (Ddwh 4 5
oscillation amplitudes the representation of solutions if =Ghre 2l)7€ ce. @)

the Floquet form is used. The oscillations were novheref”, £?(1= 1,2,3,9 periodic Floquet functions,
divided into fast "betatron" and slow "synchrotron"C,,C, - constants.

oscillations, and it allowed to define a Hamiltonianin case of a piecewise constant dependence of the

connecting amplitudes of these modes of oscillations. elements of a matriA) from 8, Floquet function,”,

£? (1 = 1,2,3,9 and the magnitudes of Floguet indexes
Y, Y, can be calculated.
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Assuming thaC, andC, are slowly varying functions of In consequence the expression (5), the equations (3) has
2 and substituting (2) in (1) and after the averaging it ithe following Hamiltonian:
possible to obtain a short differential equat|0ns fony =2 21,(M3 + MQ )—I (LS + Ltlz) -

quadrates of an oscillation amplitute= [T,/ and|, (6)

s 12(0)120)(M3 +M3) = 1£(0)1 ,(0)(L5 + LF)

0”1 s, 1Q Q where 1.(0) and 1,(0) - initial values of quadrates of

90 = (3 + DI + (5 + L)l - amplitutljes. 2

diy _ = (MS+MQ)IZ +(MS, + MO ” The connection betweeh and I, is stipulated by an

de 1 ) 2+ (M 12) 12 unresonance interaction of azimuth harmonics of

where sextupole and octupole components of a magnetic field
of a storage ring with modulation of oscillation

3= 4<{SA f(l) [Zf*(l) 04 f(l) f*(l)]+ cc} amplitudes of a particle in a periodic lattice of a storage
ring.

VHE 1<{5A f(2) [Zf*(Z) £2 4 f(2) f*(2)]+cc}> 1,(0) and 1,(0) are expressed through initial valueand

4 value of Floquet functiong®™, £ on an azimuth of

s _1/8 @R . 0 @@ . cMs@¢*@D  Injection by the following formulas:
Li> _E<§A1§fxz | fx3 + fxz fx2 fx3 * fxz fX2 fX3 % 1,(0) = af +b_|_2
+cd)) 4 4
X¢i %912 )
) — =1 1=
& = , b=
s =1(H *(1)| f(2)+f*(l)f(Z)f(1)+f(l)f(z)f*(z)D o @
1275 EA Xo 'Xp X3 D’ 2
12(0)=a3 +bj
+ccf). 4 4
3 X913 X914 ®)
L? = ) =1 by =17
ay == : ==
4 2 o o
MQ = ) where® - determinant of a matri¢@®)
' BZReF(1> ~2imf® 2Refl® -2im F(2>E
f@ (l) @ _ (2)
9 - - < )> . 2Ref® -2mi® 2Rei® -2mi
%Ref(l) —2Imf(1) 2Ref)£32) —2Imf(2)
M3 = : ) , Ref(l) —2Imf(1) 2Ref@ -2Im f(2>
12 2 2 X4

1T ¢, - cofactors of 1column of a matriX®).
(F(©) stands forlim=[F(r)dr The line above,, f{J and 7{2) stands for initial
At a normalization of the Floguet function the value of aalues of coordinates and Floquet functions on an
wronskianA is put equal to "-4"; azimuth of injection.

(1) f*(l) f(2) ( ) At H=0 equations (6) have two solutions:
fé- * W f(12) f 2) 1. 14(0)=1,(0)=0 and according (3)5%5 =0
= = - D
o ? 0 )= @ *
(1) ffl) ( ) ( ) and BdI—ZE =0. The point in a phase space, which
fx4 fx4 f 0do [y
A, 4, - cofactors of a matrm. A, - first column and first is taken by a particle moving about equilibrium orbit

line, A- third column and first line. At an averaging it ~ corresponds to this solution.
was supposed that # ¢, ¢, ZK, ¢,= K, and also that 2. 17(0)#0,1,(0)=0;

none of the resonance conditions is (LS + L?)
fulfilled: nyy + jW, # q,n, j,k,q = (0+1%2,...). 15(0) = 1,00 : (9)
It is possible to show, that: M3 +M;

L5+ Lg): _(M 5+MQ )/2; If the condition (9) is fulfilled, and further at a

. o . o (50 modification ofd will be fulfilled the following relation:
M2 +M3 ): "(L12+ '-12)/2
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I, =1 (L]S. + L:I(_g) (10) n= —iilr'l_ Vl_ (|1min/|1(o))3 . (16)

1 M S + M q :37-[ L I X
2 2 1 1+ \/1_ (Ilmin/ll(o))
Substituting (5) and (10) in (3) we shall receive: Assuming 1,,/1,(0) <<1  we shall receive the
dly s. Q)2 approximate formula for an estimation of number of
- ‘('—1 +L7 )'1 (11a) turns - n.
dl, ( s Q) 2 __21 (llmm/I E
—2 =—M7+M2 ) 11b =-——In a7
de 1 1/)2 ( ) 37.[ Ll H E
1 possible to inject, but, should be great enough to
Iy = f o ensure the separation of a beam from a septum for one
S+ 1Q
i (9) (L1+L1p (12) turn. Integrating (14) and assuming=2mr we shall
| = 1 . receive:
2= -
V15(6)-M3+M2p =1 '1(0)| 8(2"). (18)
m 1

It is made out from the relation (6) that fbi=0 it is
necessary that the magnitude§+ |_1Q) and(M25+ MZQ) Substitutingl from (18)to (17) We shall receive:
were should be with identical signs. And it is clear from _  2[] |1 1mm/l

(12) that forl, andl, being aimed to zero &-witis "=~ 35, 0)-1,( H (19)
necessary that the conditiofis®+ L,%) >0 and (M,’

M,?) >0 were fuffilled.

On account of relations (12) and (11a) and (11i§) it
L,9>0 and (M,°+ M.,%) >0 at 8- 0 the particles, initial
conditions of which satisfy the condition (10), will be
indefinitely long coming close to a fixed point with

parametersB% Hz 0, B(&Hz 0, 1=1,=0, that is to an
odeg pdé o

equilibrium orbit. Thus, for a realisation of multiturn
injection the realisation of two conditiofis®+ L %) >0,
(M,°+ M.,%) >0 andH=0 is necessary and sufficient.

In common case:

Magnitude of a phase volume of a beam in space, of
which can be injected in a storage ring durimdurns
(17) is equal to the volume limited by the surface, the
parameters of which can be obtained at a substitution in
the equation (6) expressions fiof0) and [,(0) from (7)

and (8).

3 CONCLUSION

The method of an average applied in the work for a
research of radial-phase motion of electrons in a storage
ring, is approximate. The obtained formulas will be

describe dynamics of particles well at realization of the

poibL AL H (13) condition 27g>>1.
272 M, *"\4M? IM,’ For a realization of conditions for existence of "limit
Wherel, is a solution of the differential equation: cycle” it is necessary to select a storage system with
di close valuesp, andy,. In common case sextupole and
= — =do. (14) octupole fields result to the mutual transmission of an
£2AMS + Mf)\/llll'1+H energy of synchrotron and betatron oscillations.
4 M7 1M, Multiturn injection can be used for the injection of heavy

For short here and below it is necessgry'+ L %) =L, Particles.
e (MS+ M%) =M,

Assuming H =-H,H >0,M, >0and by integrate (14) REFERENCES
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after reaching this value the increaselpivill begin.
From (15) follows, that number of turns during which it
is possible to carry out the injection is equal to:
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