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Abstract 

Improvements in high speed electronics and scin- 
tillation-crystal technology now permit usable differ- 
ential time-of-flight measurements to be made in 
tomography systems that employ coincidence detection 
of the annihilation photons created with positron 
emitting radionuclides. A mathematical model for 
these new measurements is developed in this paper. 
Reconstruction algorithms and their signal-to-noise 
ratio performance are given. 

I. Introduction 

Tomography systems that employ positron-annihi- 
lation coincidence detection have been under intensive 
development for the past few years for use in medical 
diagnosis and physiological studies [l]. In these 
systems, a quantity of a radioactively labeled sub- 
stance is introduced into a region of interest in a 
patient. Substances such as carbon-11 labeled palmi- 
Late, carbon-11 labeled hemoglobin, carbon-11 labeled 
glucose, nitrogen-13 labeled ammonia, and oxygen-15 
labeled water are used because their distributions in 
tissue are governed by metabolic or physico-chemical 
processes of interest. Moreover, and importantly for 
the systems being developed, the radioactive mechanisms 
in the labels of these substances produce positrons, 
each of which, in turn, interacts with an electron in 
an annihilation that creates two 511 keV photons. 
These photons propagate in opposite directions and 
can be sensed with scintillation detectors placed in 
an array surrounding the patient, as shown in Fig. 1. 
In this way, photon detections occurring within a 
small time interval in two opposing scintillation 
detectors define a cylindrical volume in which an 
annihilation has occurred. The quantitative charac- 
teristics of this volume are determined by the shape 
and geometry of the detectors and the shape and geo- 
metry of lead collimators designed to reduce random 
coincidences (21. Coincidence pairs collected over 
the entire time course of a diagnostic procedure can 
be processed using what are now standard algorithms 
of computed tomography to produce cross sections of 
radioactivity distributions that are useful, with 
other medical information, for clinical diagnosis of 
abnormalities of the heart, brain, and other organs 
of the body [3]. 

Besides propagating in opposite directions, there 
is another property that annihilation photons have, a 
property heretofore unused in emission tomography 
systems. The two photons are created simultaneously 
at the location where the annihilation occurs. This 
location then determines the differential time of 
flight of the two annihilation photons to the two 
opposing detectors which sense them. However, be- 
cause of the physical size and chemical composition of 
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crystals used in scintillation detectors, the proper- 
ties of photomultipliers, and the limitations of 
coincidence detection circuitry, it has not been 
feasible in the past to measure, with a useful accu- 
racy, the time difference between the arrivals of the 
two photons at the opposing detectors. Since photons 
propagate at the speed of light, a 10 cm spatial 
resolution requires that a 2/3 ns time differential 
be measured, and this has been a difficult performance 
goal to achieve. Recent trends in both detector and 
electronic technology, however, are toward permitting 
more accurate differential time of flight measurements 
to be made. At the extreme, yet to be realized, 
where such measurements could be made with arbitrary 
accuracy, spatial distributions of radioactivity could 
be estimated simply by histograms derived with no more 
than a scaling to account for the propagation velocity 
of photons, and none of the time-consuming, hardware- 
expensive calculations required to implement a tomog- 
raphy-reconstruction algorithm would be required. 
However, at the present time and in at least the near 
future, the uncertainty associated with time of flight 
measurements is still so great that this simple histo- 
gram approach is inadequate for producing clinically 
significant reconstructions of radioactivity, and more 
sophisticated processing is needed. Therefore, we are 
motivated to propose a model for differential time of 
flight measurements, derive reconstruction algorithms 
based on our model, and predict the signal-to-noise 
ratio performance of these algorithms. 

The concept of utilizing time of flight informa- 
tion for estimating the concentration of a positron- 
emitting radionuclide is not new. In a survey of 
radioisotope cameras in 1966, Anger [4] mentioned the 
possibility but concluded that then available sodium 
iodide scintillation detectors were too slow to make 
the approach practical. Burnham, Aronow, and Brownell 
[S] discussed this methodology at a symposium on the 
localization of tumors, and they noted the need for 
a fast, high density scintillator to be developed. In 
1968, Brownell and his co-workers [6] described the 
design of an experimental system utilizing plastic 
scintillators to measure propagation time with a 
resolution of about 400 ps. Nickles and Meyers [7] 
proposed in 1977 the design of a positron camera for 
nuclear medicine in which photon propagation times are 
used for the three-dimensional positioning of an anni- 
hilation event. Also in 1977 in a discussion of the 
need for new developments in nuclear medicine, 
Budinger [B] noted that the performance of a positron 
ring detector system could be improved by incorporating 
time of flight information, and he estimated that with 
the ability of achieving a positional uncertainty of 
3 cm or less along the line of flight, there would he 
an improvement in the signal-to-noise ratio by as much 
as a factor of 10. In 1979, a research group at the 
Laboratoire d'glectronique et de Technologie de 
1'Informatique in Grenoble, France [9,10] presented 
the advantages of incorporating time of flight infor- 
mation into positron emission tomography. This has 
motivated our group to initiate the development of a 
new emission tomography system that uses time of flight 
data [ll]. 
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II. Model Development 

To introduce our model, we briefly describe the 
process by which the differential time of flight for 
two photons is measured, thereby determining the loca- 
tion of the positron annihilation that created them. 
When a 511 keV photon is absorbed by the crystal in 
a scintillation detector, its energy is converted into 
optical energy, a brief flash of light, which is de- 
tected by an adjacent photomultiplier. A threshold 
circuit discriminates the detected event in the cur- 
rent from the photomultiplier and triggers a circuit 
which initiates a positive going ramp voltage. This 
ramp is terminated by a similar circuit which responds 
to the detection of the arrival of the second 511 keV 
photon in the opposing crystal. The voltage level 
achieved by the ramp is proportional to the differen- 
tial time of flight and contains the information about 
where the annihilation event occurred along the line 
connecting the two detectors involved. 

Several factors influence the accuracy with which 
the time of occurrence of photon absorptions can be 
determined. These include the physical extent of the 
crystal needed to insure that photons are absorbed 
with high probability, the chemical composition of the 
crystal material, pulse spreading due to transit time 
effects in the photomultiplier, and the sensitivity of 
the triggering circuitry that initiates and terminates 
the ramp voltage. The cumulative effect of these 
various factors is a positional uncertainty. Fig. 2 
shows a distribution of this uncertainty recently' 
measured in our laboratory. This uncertainty is some- 
what less than that reported previously in [ll]. At 
least into the near future, it appears that the stan- 
dard deviation of positional errors will remain in 
excess of about 2.5 cm (6 cm full width at half maxi- 
mum (FWHM)), which is too large for these measurements 
to be useful along without further signal processing. 
In our later considerations, we approximate the dis- 
tribution of errors for positions derived from time 
of flight data by a zero mean normal distribution with 

variance 0 2 
e * The range of oe2 of practical interest 

is 0.42 to 4.2 cm (1.0 to 10.0 cm FWHM). 

Shown in Fig. 3 (from [Z]) are data obtained ex- 
perimentally from a point source of radioactivity 
placed between two detectors. The measured activity 
is seen to be a very slowly changing function of the 
location of the source along the line connecting the 
detectors and a rapidly decreasing function, with 
about a 1 cm FWHM distribution, of the source position 
transverse to this line. In our later considerations, 
we approximate this distribution in the transverse 
direction by a zero-mean normal distribution with 

variance o 2 
b' The range of ob2 of practical interest 

is 0.2 to 0.6 cm (0.5 to 1.5 cm FWHM). The small 
variation as the source is moved along the connecting 
line will be ignored. 

Xeasurement Point Process 

We now define a random point process which we 
call the "measurement point process." This process 
plays a central role in designing and evaluating re- 
construction algorithms using time-of-flight measure- 
ments. With reference to Fig. 4, consider a contin- 
uous detector ring surrounding the region containing 
radioactivity. A measurement associated with a single 
annihilation identifies the two locations on the ring 
where the annihilation photons are detected and the 
differential time of arrival at of the photons at 
these locations. This measurement then defines the 
line 1 indicated in Fig. 4 and a point c along the 
line. The line, and therefore the measurement, can 
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be parameterized by (u,E), where 8 is the angle of 
line as shown. In other words, an individual measure- 
ment determines a point (u,4) in a three-dimensional 

measurement space b.4 = R2x[0,a], where R2 denotes two- 
dimensional Euclidean space. The measurements ob- 
tained over an entire experiment then form a point 
process on M. Denote by N(A x 0) the counting process 
associated with this measurement point process, where 
N(A x 0) is the number of measurement points having 

positions u in the set A of R2 and angles 8 in the set 
0 of [O,lTl. 

The statistical properties of the measurement 
point process are determined by the measurement system 
and by another underlying and unobservable point 
process we call the "annihilation point process." 
Points of this latter process just identify the loca- 

7 
tion in R- of each annihilation. From physical con- 
siderations [12, page 7461, this annihilation point 
process is well modeled mathematically as a Poisson 

process on R2 with a spatially dependent intensity 
function that is proportional to the concentration of 
radioactivity. We let X(X) denote the intensity of 
the annihilation point process at the location x in 

R2. One important property implied by the Poisson 
nature of the annihilation point process is that given 
the number of annihilations in an experiment, their 
locations are the same as if selected independently 
and identically according to the probability density 

FL-' X(x), where [13, page 651 

A= A(x)dx. 

Also, the total number of annihilations has a Poisson 
distribution with parameter A, so !L is the total 
average number of annihilations. 

Fig. 5 defines the relationship between the 
annihilation and measurement point processes. An 
annihilation occurring at x is measured as the point 
(u,O), where u = x + e(S). Here, E(O) is a two- 
dimensional measurement-error vector with a component 
ce parallel to the center line of the detector pair 

and a cornponent~~ transverse to this line. We assume 
that the measurement error E associated with an anni- 
hilation at x is independent of x as well as the loca- 
tions and measurement errors of all other annihila- 
tions. The conditional probability densit function 
of ~(8) for 8 given will be denoted by P(E T 0), where 
for later calculations we employ the two-dimensional 
normal density 

~(~10) = [2r det%(R(B))]-' expf--!$clR-l(c)], (1) 

with the covariance matrix R(B) given by 

R(B) = T(6) T' Co), (2) 

where the prime "'II denotes matrix transpose, oe2 and 
3 

'b are error variances along and transverse to the 

detector center line, respectively, and T(B) is the 
rotation matrix 



case 
T(0) = 

-sin6 

The determinant of 

sin0 

COSe I 

R(B) needed in (1) is det(R(B)) = 
2 2 

u e ob . 

We also assume that annihilation photons propa- 
gate isotropically, independent of the location x 
where they are created; in other words, the proba- 
bility density of 8 is l/~ for O<B<rr regardless of x. -- 

It now follows from these assumptions that the 
measurement point process is a Poisson point process 
with an intensity function that is the two-dimensional 
convolution of the intensity h(x) of the annihilation 
point process and the error density p(xl@)/*; that is, 
if n(u,8) denotes the intensity of the measurement 
point process, then 

p(u-xlB)X(x)dx. (3) 

This can be seen as follows. Given the total number, 
say n, of annihilations, each measurement point u is 
the sum of two independent random variables, x and 
E(e), which with the uniform distribution for 8, 
implies (3). Also, the locations of the measurement 
points are independent because those of the annihi- 
lation point process are and because measurement errors 
are independent. Finally, since n is Poisson distri- 
buted and is also the total number of measurement 
points, we conclude [13, page 1171 that the measurement 

point process is a Poisson process on R2x[0,n] with the 
intensity function u(u,B) given in (3). 

By a "preimage array" we mean a memory array 
wherein measured data are collected and saved, usually 
in real time as an experiment is conducted. Data in 
the preimage array are subsequently processed using an 
appropriate algorithm in order to reconstruct the dis- 
tribution of radioactivity. In our model, data in the 
preimage array are derived from the output of a linear 
filter having the measurement point process as its in- 
put. A variety of preimage arrays of potential in- 
terest are included by appropriately selecting the 
weighting function of the linear filter. We shall 
give examples of two- and three-dimensional arrays. 
First. we consider a three-dimensional preimage de- 
fined'by samples of the function f(z,B) defined by 

TI 
f(z,e) = IJ 0 R2 

w(z-uja)16 (8-$)N(duxd$), 
e 

(4) 

where 

I6 (0) = 1, -6B/2(8<6B/2, 
e 

and 

I6 (0) = 0, otherwise, 
e 

and where w(zlB) is a weighting function selected by 
the designer to achieve a desired three-dimensional 
preimage array. The integral in (4) is interpreted 
as 

I 0, n=O 
f(z,e) = 

1 
5 w(z-u$3)1 (Wi)’ n> 1 _ 

i=l &e 

(5) 

where n is the total number of measurement points and 
the ith point is located at (u - i,$i). Thus, to get 

f(z,R), we shift the weighting function to the spatial 
coordinate u of each measurement point and then sum 
these responses for all points having their angle co- 
ordinate with ES/2 of 8. 

We now give several examples of two- and three- 
dimensional preimage arrays of potential interest. 

Examule 1. Suppose in (4) that 

w(zl0) = I&(Z), 

where 

16(Z) = 1, -6/2<21912, -6f2~2292 

and 

IA(Z) = 0, otherwise. 

Then, 

(6) 

(&$)h'(duxd$) (7) 
e 

is the number of measurement points in a three-dimen- 
sional, rectangular resolution-cell centered at (z,@) 

in R2x[0,n] and having volume 626B. We note for later 
use that for this choice of w, that f(z,e) is Poisson 
distributed with parameter 

(0--0)r(u,$)dW, (8) 
e 

where u is given in (3). Thus, for 5 and 6e suffi- 
ciently small, 

cl(z,f3) = 626,(l/a) Jl^ R2 p(u-xle)X(x)dx. (9) 

Example 2. Because of the circular symmetry that re- 
sults, we find it convenient for later numerical COIIT 
parisons of preimage arrays to consider also a circular 
resolution cell c,(z) defined by 

c,(z) = 1, 12 19/z and c,(z) = 0, otherwise. (10) 

If ~(~16) = c,(z) in (4), then f(z,B) is the number of 

measurement points in the cylinder cg(z-U) I6 (e-4) 
e 

centered at (z,FI). 

Example 3 ("projection" array). Suppose w(zle) is 
unity for z within the strip of width 6 at angle B 
shown in Fig. 6 and that w(zjB) is zero otherwise. 
Then, f(z,e) is a unity-weighted, strip integration at 
angle 0 [14]. We call the array that results by 
sampling this f(z,e) in the obvious way the "projection 
array." This is the array assumed for conventional, 
positron-emission tomography-systems. 

The following examples result in two-dimensional 
preimage arrays of potential interest when time-of- 



flight data are available, including all two-dimen- circular pixels, in which case an estimate of d(x) is 
sional arrays so far proposed when time of flight data sampled on the obvious lattice and displayed as a con- 
are available. These are derived from samples of the stant over the corresponding pixel. Because of the 
two-dimensional filtering of the measurement point circular symmetry that results, we will later use 
process defined by h(x) = c,(x) for numerical comparisons. 

n 
f(z) = lim (1/68) 

sgo / 
f(z,@)d8 

0 

We next address the issue of estimating d(x) 
given the data collected in the preimage array. In 
identifying the general form of the estimation algor- 
ithms, we suppress the sampling issues by considering 
the two- and three-dimensional functions f(z) and 
f(z.8) from which the preimage arrays are obtained. GE w(z-u($)N(duxd$). (11) 

Example 4 ("unfiltered back projection" arrav). If 
w(z 0) in (11) is selected as in Ex. 3, the result is 
the unfiltered back-projection array of conventional 
positron-emission tomography. A known two-dimensional 
filtering of this array results in an estimate of the 
radioactivity distribution that does not use the time- 
of-flight information. 

Example 5 ("most likely position" array). If "(ZjD) 
in (11) is selected as in Ex. 1, the resulting f(z) is 
the number of measurement points in 1,(2-u) regardless 

of their measured angles. We call the preimage array 
that results by sampling this f(z) on the obvious 

lattice in R2 the "most likely position" array because 
it corresponds to the intuitively appealing approach 
of incrementing by unity the resolution cell in which 
the position u of the measurement point (u,e) falls. 
Note that the measured position u is the maximum like- 
lihood estimate of the annihilation position x for the 
two-dimensional normal distribution of measurement 
errors in (1). 

Example 6 ("confidence weighted" array). Suppose that 
the model in (1) holds and in (11) that 

w(zl8) = [2ndet4(R(B))]-'exp[-~z'R-'(e)zl, 

where R(8) is the covariance matrix in (2). The re- 
sulting f(z) is the normally weighted, unfiltered 
back-projection considered by the L.E.T.I. group [9,10] 
We term the preimage array that results by sampling 
f(z) the "confidence weighted" array because, in con- 
trast to Ex. 5 where unit weight is placed in the 
single most likely resolution cell for each measure- 
ment point, every cell is weighted in proportion to 
the posterior probability that the annihilation point 
occurred in that cell given the measurement point 
cute). 

Data in the preimage array are to be processed 
using an appropriate algorithm to produce an estimate 
of a desired image of the distribution of radio- 
activity. We denote the desired image by d(x) and 
assume that this is related to the intensity X(x) of 
the annihilation point process according to the con- 
volution 

d(x) = h(x-x')X(x')dx', (12) 

for some specified weighting function h(x). Choices 
of h that are of interest include: h(x) = A(x), 
h(x) = Ig(x), and h(x) = c,(x), where 6(x) is a two- 

dimensional impulse, and I.,(x) and c,(x) are as 

defined in (6) and (lo), respectively. For the first 
choice, d(x) = X(x), and for the other two, d(x) is 
the total average number of annihilations in a square 
or circular resolution cell of size 6. The latter 
choices are of interest when it is desired to generate 
displays of total activity in an array of square or 

III. Reconstruction Algorithms 

The maximum likelihood estimate ;(~,'a) of the mean 
parameter e(z,e) in Ex. 1, given the counts f(z,E), is 
simply f(z,e) because the measurement point process is 
a Poisson process. Thus, for 6 and 66 sufficiently 
small, and for a fixed value of 

('a-$)N(duxd$) 
e 

= 'jGe(l/T) 
1 R2 

p(z-xle)h(x)dx. 

Multiplying by (52~~)-1"(v-z.~fJ), integrating with 

respect to z, and letting 6 tend to zero, we obtain 

(l/n) 
// R2 

g(v-xle)h(x)dx = E,-lf(v,e), (13) 

where g(xle) is defined by the convolution 

g(xle) = 1 R2 
P(x-x'le)w(x'le)dx'. 

Since d(x) and h(x) are related by the convolution in 
(121, we have from (13) that the estimate of d(x) is 
the solution to the following integral equation 

n 

g(v-xle)d(x)dx = h(v-x)f(x,e)dx. 

(14) 

Algorithms for two-dimensional preimage arrays 
are obtained from this expression by integrating both 
sides with respect to 8, letting Ae tend to zero, and 

using (11). The result is 

;(v-x)d(x)dx = h(v-x)f(x)dx, 

where 

/ 

ll 

P(x) = (l/r) g(x/e)de. 
0 

(15) 

(16) 

Equation (15) can be solved for d(x) in the frequency 
domain as follows. Define the two-dimensional Fourier 
transform A(c) of any function a(x) by 

A(;) = a(x)exp[-j2r;'xld:c. 

Transforming (15) yields 



D(S) = c-1 (C)H(E)F(C), (17) 

which defines the image array in terms of a two- 
dimensional preimage. 

Example 7. Suppose ~(~1'8) is the two-dimensional den- 
sity in (1) and ~(~18) is selected for the confidence 
weighted preimage array of Ex. 6. We then find that 

G(5) = exp[-2n2(o 2 
e 

+Jb2)15/21 10[2a2~oe2-q2)15121 

08) Wy2) = E&&xl) - d(y)1 [&x2) - d(x2)lI. (22) 

where LO(') is the zero-order Bessel function of the 

second kind. In implementing (17) to create the image 

d(x), 72-l (c)H(S) would be set to zero for 151 greater 
than a value selected in accordance with the desired 
sampling resolution and some form of window function 
might be included. By virtue of the asymptotic pro- 

perties of the Bessel function, 2-l (5) becomes pro- 

portional to 151 for ob2 = 0 and oe* large. Conse- 

quently, (17) shows how to generalize the ramp filter 
of conventional positron-emission tomography when time- 
of-flight measurements are available. 

This can be evaluated for two-dimensional preimage 
arrays as follows. Define F(SI$) by 

i-(51$) = z-l (S)H(S)W(S I‘b) t (23) 

and let y(xlo) be the inverse two-dimensional transform 
of this function, 

Y(Xl@) = J- R2 
r(E\$)exp[j2n5'xldE;. 

In this section we have indicated how reconstruc- 
tion algorithms for two-dimensional preimage arrays 
follow from (14). In a later publication, we will 
pursue this matter further and present results of 
computer implementations of specific algorithms. We 
now give expressions for the signal-to-noise ratio 
performance of reconstruction algorithms. 

Then, from (11) and (17), 

d(x) = 
IT 

Ll- R2 y(x-u/$)N(duxd$). (24) 

Since the measurement point process is a Poisson 
process, it follows that [13, page 1721 

IV. Performance Evaluation 

Preimage arrays, f(x,e) or f(x), and the desired 
image, d(x), are specified by selecting the weighting 
functions w(x]B) and h(x), respectively. For each 
selection, there is a corresponding algorithm to 
create the image array, d(x). It is important to be 
able to evaluate the performance of algorithms so that 
various selections can be compared quantitatively. 
Such evaluations and comparisons are given in this 
section. The aspects of our model used to accomplish 
this are that the image, d(x), is a linear filtering 
of the measurement point process and the measurement 
point process is a Poisson process having an intensity 
with a known relation to the intensity of the annihi- 
lation point process and the measurement errors. 

Bias 

The "bias" b(x) in reconstructing d(x) is defined 
by 

b(x) = E[d(x) - d(x)], (19) 

where E(e) denotes the expectation or average. We 
evaluate the bias for two-dimensional preimage arrays 
by examining the transform B(c) of b(x). The image 
d(x) is termed "unbiased" if b(x) = 0. 

From (12) and (17), we have for a two-dimensional 
preimage array that there holds 

B(E) = G-l (S)H(S)E[F(S)! - H(S)A(S). (20) 

Since the measurement point process is a Poisson 
process, it follows from (11) that [13, page 1711 

/ 

T 
ELF(C)] = (l/3) w(cle)P(cle)nt9de = G(E)A(S). 

0 (21) 
Substitution into (20) then shows that d(x) is un- 
biased for any desired image and two-dimensional pre- 
image array of the type included in our model. 

Error Covariance 

The covariance of the error d(x) - d(x) is de- 
fined by 

/’ 
7T 

K(x1,x2) = (I/*) 
0 

Wy.21~)d~, (251 

where we define 

K(x1>x214) = 71 J- R2 
Y(xl-ul'$)Y*(x2-ulo)p(u,$)du, (26) 

where the "*'I denotes complex conjugation. Using (24) 
and defining 

M(SIP) = u(u,$)ew[-j2~S’uldu, 

we express K(xl,x2 I$) alternatively as 

K(xl,x210) = r Im)r*(-~,I~)M(F,-~,j~) 

x exp{j2n[5 1’x1-S2’~211dSldS2. (27) 

When we substitute (24) into this expression and use 

M(F;I$) = (l/n)P(S;$)A.(S), 

which follows from (3), we conclude that 

K(xl,x2) = A(~l)A*(-~2)B(~l~~2)A(~l-~2) 

(28) 
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where A and B are defined by a. 

A(S) = z-1 
/ 

ll 
(C)H(t) = [(l/n) pts/~)Wtsl9)d~l-lH(~) 

0 

and 
b. 

/ 

77 
B(Cl,c2) = (l/a) 

0 
W(Sl/~)W*(-S21~)P(Sl-S2l~)d~. 

Since this integral expression depends on W, H, P, and 
A, the error covariance for a two-dimensional preimage 
depends on how the preimage (W) and desired image (H) 
are selected, the time of flight measurement error 
(P) , and the intensity of the annihilation point 
process (A). 

Example 8 ("confidence weighted" array). For the 
error density in (1) and the confidence weighted pre- 
image array in Ex. 6, we find that 

A(S) = H(i)exp~2~2(oe2+ob2)~F;~*] 

XI 0-1[2n2(ue2-ub2) (E 19 

and 

B(Sl,S2) = exe{-2r2(oe2+Jb 

x 10[2n2(oe2-Ub 2m 

where 

s2 = 1q4+ lc214 - /51121c212 + 4(C,‘E2)2 

-2[15112 + lE212 + l~,121~,‘E2. 

Example 9 ("most likely position" array). For the 
error density in (1) and the most likely position pre- 
image array in Ex. 2, we find that 

ACE;) = H(C)W%)D(5) 

and 

B(Sl,S2) = W(Q)W*(-S2)D(Sl-S2), 

where 

D(c) = exp(4n2(ce2+ob 

and where W(c) = W(cI$) is the transform of the 
weighting function used to create the most likely 
position array. It is evident from (28) that whenever 
W(c/o) is not a function of 0, as in this example, 
then W(F;[+) does not influence the error covariance. 
We find below that serious performance degradation can 
result from such a choice. 

The general performance expressions developed in 
this section evidently cannot be simplified further 
for interesting selections of preimages and desired 
images. Nevertheless, they can be evaluated numeri- 
cally for system comparisons. This is illustrated 
in the next section. 

V. Performance Comparison Example 

We have numerically evaluated the performance 
expressions of the last section under the following 
conditions: 

C. 

Radioactivity is uniformly distributed over 
a circular region of radius R cm, with R=15, 

and such that a total of 10 6 
annihilations 

occur on the average. Thus, X(x) = 106c3,(x). 

The desired image is defined by (12) with h(x) 

= c,(x). with A=2 cm. Thus, d(x) = l&225 

is the average number of annihilations in a 
circular resolution cell of radius 1 cm. 

The measurement error distribution is that 

given in (1) with ob2 = 0. Thus, the only 

error arises in the measurement of differen- 
tial time of flight. 

Shown in Fig. 7 is the signal to noise ratio SNR 
for several preimage arrays as a function of the full 
width at half maximum FWHM time of flight uncertainty 
(2.35ae), where in decibels the definition of signal 

to noise ratio we use is 

SNR = 10 loglo[d2(0)/K(0,0)] (29) 

The SNR performance is shown for the most likely posi- 
tion and confidence weighted preimage arrays. The 
graphs in Fig. 7 for these and two other situations 
are discussed in the following remarks. 

remark 1. In the limit of arbitrarily small time of 
flight errors, annihilation points and measurement 
points coalesce, in which case measurement points 
falling in the resolution circle c,(x) originate only 

from annihilation points therein. By virtue of the 
Poisson statistics, we expect, therefore, that K(O,O) 

= d(0) = 106/225. The graphs shown in Fig. 7 approach 
this asymptote (36.4 db) for all the preimage arrays 
considered. 

remark 2. The limit of arbitrarily large time of 
flight errors corresponds to conventional emission 
tomography. Budinger [15, Eq. (ll)] has analyzed the 
signal to noise ratio for this limit. All the graphs 
shown in Fig. 7 except that for the most likely array 

approach this limit asymptotically (A(A/2)3/(l.2)2R3 = 
23.1 db). 

remark 3. The graphs labeled "confidence weighted" 
and "most likely position" in Fig. 7 indicate the per- 
formance from Ex. 8 and Ex. 9. These were obtained by 
computer evaluation of the performance expressions. 

remark 4. Since the mechanical and electronic features 
of a system that collects time of flight data and one 
that collects conventional tomography data are nearly 
identical, it is of interest to consider that both 
types of data are collected together, in which case 
two images can be created. Let dTOF(x) and dTOMC,(x) 

denote the two images and KTOF(x1,x2) and KTOMO(x1,x2) 

the corresponding error covariances. A single image 
that reflects the most reliable parts of each of these 
images is desirable. One way to define such a "pooled 
image" results when the estimation errors d TOF 

- d and 

dTOMO - 
d are approximated as independent and normally 

distributed with mean zero and variance equal to 
K TOF(~,~) and KTOMO(x,x), respectively. Then the maxi- 

mum likelihood estimate of d(x) given dTOF(x) and 

ii 
TOMOcX) 

satisfies 
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d(x) = (l+a) 
-i- 

dTOF(x) + a(l+a)-ldTOMO(x), 

where a = K TOF(x,x)/KT,,MO(x,x). Furthermore, the re- 

sulting signal to noise ratio is the sum of the signal 
to noise ratios of the two constituent images. The 
graph labeled "pooled" in Fig. 7 is this performance 
when the TOF image is based on the "most-likely posi- 
tion" preimage-array. 

remark 5. An heuristic argument for predicting 
the performance when time of flight data are available 
can be given using Budinger's formula [15, Eq. (ll)], 
which predicts a signal to noise ratio equal to 

0.69 d(O)(A/2R). The factor (2R)-1 occurs because 
without time of flight information, the uncertainty in 
localizing an annihilation point is uniformly distri- 
buted along the image in a projection measurement. 
However, with time of flight data, this uncertainty is 
reduced to about the full width at half maximum (FWHM) 
time of flight uncertainty, and Budinger's formula can 
be modified as 

0.69 d(O)A(FWI+l)-1 = 0.69 d(0)(A/2R)(FWHM/2R)-1, 

so the improvement in signal to noise ratio varies in- 
versely as the fraction FWbM/2R of the image contained 
within the time oE flight uncertainty. This predic- 
tion would be expected to hold over the approximate 
range A < FWEM 5 2R. The graph labeled "intuitive" 
in Fig. 7 is based on this argument. 

VI. Conclusion 

The model we have presented for time of flight 
measurements in positron emission tomography provides 
an analytical approach to developing reconstruction 
algorithms and predicting their performance. In com- 
paring alternative data collection strategies in 
Section V, we conclude for the parameter values 
selected that the signal to noise ratio performance 
with the most likely position array is substantially 
inferior to that of the confidence weighted array. 
The pooling approach improves the performance that 
can be achieved with the most likely position array 
when conventional tomography data are also available, 
but the performance of the confidence weighted array 
is still not reached. We also observe that the in- 
tuitive approach for predicting performance provides 
a quick, easy way to estimate the performance for the 
confidence weighted array. 

We note, finally, that significant performance 
improvement, compared to conventional emission tomog- 
raphy, appears to be possible for practical values of 
time of flight uncertainty. For instance, for the 
confidence weighted preimage array, we see from Fig. 7 
that the gain in signal to noise ratio for FWHM=6 cm 
is 6.4 db or a factor of about 4.4. The implications 
are then that either: (l), the signal to noise ratio 
performance will be improved by a factor of 4.4: (2), 
the performance will be the same if the total radio- 
activity is reduced by a factor of 4.4; or (3), the 
performance will be the same if the data-collection 
time is reduced by a factor of 4.4. These gains are 
based on the assumption that the efficiency in de- 
tecting annihilation photons is the same with and 
without the time of flight measurement. 
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Figure 1. A Positron Emission Tomography System. 
Shown surrounding a patient is a circular 
ring of scintillation detectors used to 
observe annihilation photons. 
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Figure 3. Experimental Distribution of Errors Due to 
Finite Detector Size. Data were obtained 
by observing annihilation photons emanating 
from a point source of radioactivity lo- 
cated at various distances between two 
opposing detectors. For each distance the 
source was moved transverse to the line con- 
necting the detectors. 

Figure 4. Measurement Point Process Model. Each 
measurement is a point with coordinates 
cu,e>. 

Figure 2. Experimental Distribution of Time of Flight 
Measurement Errors. Data were obtained by Propapatm 
measuring the differential time of flight P.lk 

of annihilation photons emanating from a 
point source of radioactivity located mid- Figure 5. Measurement Point Process Error Model. Each 

way between two opposing scintillation measurement point (u,B) is a translation of 

detectors. an annihilation point x by an error vector 
c(e). 
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Figure 7. Performance Comparison. Shown are graphs 

Figure 6. Weighting Function for a Projection Array. of signal-to-noise ratio as a function of 
time of flight uncertainty for several pre- 
image arrays. A uniform circle of radio- 
activity is assumed with a 15 cm radius, 

lo6 total average counts, and a 2 cm circu- 
lar resolution for the image array. 
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