IEEE Transactions on Nuclear Science, Vol. NS-28, No. 3, June 1981

FREE ELECTRON LASER INSTABILITY FOR A RELATIVISTIC
ELECTRON BEAM IN A HELICAL WIGGLER FIELD

Han 5. Uhm
Naval Surface Weapons Center

White Oak, Silver Spring, Maryland

20910

Ronald C. Davidson
Plasma Fusion Center

Massachusetts Institute of Technology, Cambridge, Massachusetts

Summary

The free electron laser instability is
investigated for a relativistic annular or solid
electron beam propagating through a helical wiggler

magnetic field. It is assumed that V/Yp<<l, where

Vv is Budker's parameter. In this regard, the stability
analysis utilizes the vacuum traunsverse electric

and transverse magnetic waveguide modes as a convenient
basis to represent the electromagnetic field pertur-
bations. Stability properties are investigated includ-
ing the important influence of (a) finite beam geo-
metry in the radial direction, (b) positioning of the
beam radius relative to the outer conducting wall
radius (R.) and (c) finite wiggler amplitude. All of
these effects are shown to have an important influence
on detailed stability behavior.
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In recent years, the free electron laser
instabilityl™> has been extensively investigated with
particular emphasis on the implicatioms for intense
microwave generation. In this paper, we develop a
simple description of the free electron laser
instability in the tenuous beam limit, including the
important influence of finite radial geometry.

The equilibrium configuration consists of a
relativistic (annular or solid) electron beam
propagating in the combined helical wiggler and
uniform axial guide fields described by
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where B, and 8B are constants, and ko is the axial

wave number of the helical wiggler field. 1In Eq. (1),
cylindrical coordinates (r, 8, z) are used. It is
assumed that

v/yy << 1 (2)

where \)=Ne2/mc2 is Budker's parameter, N is the

number of beam electrons per unit axial length, ¢

is the speed of light in vacuo, and -e and m are the
electron charge and rest mass, respectively. Consis-
tent with the low-density assumption in Eq. (2), we
neglect the influence of the weak equilibrium self-
electric and self-magnetic fields that are produced by
the lack of equilibrium charge and current neutra-
lity. Moreover, the perturbed electromagnetic fields
are approximated by the vacuum waveguide fields.

Linearized Vlasov-Maxwell Equations

The stability analysis is carried out within
the framework of the linearized Vlasov-Maxwell equa-
tions. We adopt a normal-mode approach in which all
perturbations are assumed to vary with time and space
according to
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where Im W > o. Here w is the complex eigen frequency
k + nkg is the axial wavenumber, and % and n are
integers. It is also assumed that the wave perturba-
tions are close to resonance with

lw = (k + 0k ) V] <<u, v, (&)
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where w_ =k Vp, 0, = eBO/mec and V= (Yb 1) C/Yb'

The Maxwell equations for the perturbed electric
and magnetic fields amplitude can be expressed as

UxE G =i WeR,

Vx B0 = m/e) 1) - i we) B, (5

where
i (x) = - e f d3p ¥ Eb QEZB) (6)
is the perturbed current density. In Eq. (6),
i, ° . - x.x é 9 0
£y (X{R) =e f_m dt exp(-iwt) [E + — . wr £ 7N

is the perturbed distiibution function, and T = t' = ¢,

and dx'/dt' = y' and dp'/dc' = -ey x B®/c, with initial
conditions 5'(t' =t) T xand vy'(t ' =t) = y.

Within the context of Ed;. (quand (4), Eq. (7) can
be approximated by
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where Ymc2 is the energy and fg is the equilibrium

electron distribution function.

To lowest order, for CB/By <<l and kgv, well
removed from cyclotron resonance (Wg # wc), the axial
motion of the electron orbit is free—streaming

z' =z + (pz/Ym) (' - o). (9)
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Moreover, within the context of Eq. (4), on the
right-hand side of Eq. (8) we approximate the radial
and azimuthal motion of the electron orbit by%

“c B
viev % B2 o5 (B -kz - kv, (10)
r z W —m B o oz
o o
and
w
v c 8B _ N
vg = 7V, 5“;3_ = sin (8 k z - kv, ). (11)

o

Finally, since the oscillatory modulation of the radial
and azimuthal orbit is assumed to be small amplitude,
we approximate r'=r and 8'=0 in the arguments of the
perturbations amplitudes on the right-hand side of

Eq. (8).

Substituting Egqs. (9) ~ (11} into Eq. (8), we
obrain
i +
£ Gxp) = A2 | ifto « nk")z}%\sa(“)()
b P w &5n w = (k + nk Jv, z
~{n=-1) ~(n-1)
+ A Apo1 Er’2+1(r) - i Ee'l+1(r) (12)
where
Ay (B’ w, k) = Z[nmu - (k + n'ko)pz]
af? 3£,
'—2—+(k*nk)3—P— (13)
apyL z
and
w
_ eéB o
hos 2y, m Zk w0 (e
Yb ¢ %
In Eq. (12), the term proportional to Ap is the

longitudinal portion of the perturbed disbribution
function. Similarly, the terms proportional to Ap.]
in Eq. (12) are the transverse electromagnetic
portion.

From Poisson equation

YV * E(x) =4mp (%)
and the Maxwell Eq. (5), we obtain the differential
equation

2
2, w 2| o(n) -
[V“ + ;7 - (k + nko) :} EZ,E(I) =

4ri (k + nk ) .
o (n) 15
——— 0y (D) (15)
Ty

for the axial (longitudinal) component of the perturbed

electric field. In Eq. (15), pin)(r) is the perturbed
charge density, YL_denotes(i§/r)(3/?§;(r 3/3r) ~ Q /r s
and use has been made of J N Vb P In the
tenuous beam limit consistent with Eq. (2), the
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transverse component of the perturbed field in

Eq. (12) can he approximated by the vacuum waveguide
fields. 1In this context, the present stability
analysis utilizes the vacuum transverse electric (TE)
and transverse magnetic (TM) waveguide mode as a
convenient basis to represent the general electro-
magnetic field perturbation determined from

2
w” - 2 gln-1)
[-c—z (k + ok = k) J EL g% %)
_ 3 g(n-D) Low D “(n-1)
" Raa® - b o2e, x T B, (16)

Neglecting the perturbed current density, the
vacuum waveguide modes can be expressed as

(n 1)

B, £+1( v = b2.+1,s g1 (“z+1,sr/Rc”
R
(a=1) 2(n-1) Wie
(r) - (r) = - b
r ,+1 9 2+1 cal+l,s 2+1,s
Jl(a2+1,s r/Rc)’ (7
for the TE mode and
(n 1) -
R+1(r) eQ.+l,s JE+l (Bl+l,s r/Rc)’
~ (k +nk - k)R
(n-1) “(n-1) . o o’ "e
E (r) - 1L E (r) = 1
r,+1 B,0+1 B£+1’S
Eﬂ,+l,s JR(B£+l,sr/Rc) (18)
for the TM mode. 1In Eqs. (17) and (18), Rc is the
radius of the grounded conducting wall, bgs) ¢ and

are constants, JZ’(X) is the Bessel function of

E:Jld-l,s
the first kind of order R', and al+l,s and Bl+1,s

! =
are the sth roots of Jp (a£+l,s) 0 and

Jo41 (82+1 s = 0, respectively. Here the prime (')
denotes J2+l(X) = (d/dx)J1+l(x). After some straight
forward algebraic manipulation of Egqs. (5), (17)

and (18), we obtain

2
2 a a r
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for the TE mode and
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for the TM mode. Equatioms (15), (19) and (20),
combined with Eqs. (12) and (13), constitute one of
the main results of this paper and can be used to
investigate free electron laser stability properties
for a broad range of physical parameters.

Relativistic Annular Electron Beam

As first application, we consider the free
electron laser instability for a relativistic annular
electron beam described by®

2
n R y mv
o _ oob o 2222 2
fb —_—r U[(& Yo vo) A:l

G(Ch - CO)G(Cz - mevb), (21)

where C; , Ch and Cz are the transverse, helical and
axial invarients in the combined transverse wiggler and
uniform axial guide fieldItEq. (1)1, and U{(x) is the
Heaviside step function. Substituting Eq. (21) into
Eqs. (12) and (13), and assuming that thickness of the
annular beam is much smaller than the beam radius R,»
we obtain

. . . S(x-R ) , 2
(n-1) . T(n-1) . (n) _ o’ Ac
a0 = FIeger T L0 T T mw e (22)

- a(n) ' “(n-1) . o(n-1)
O Xn,nBzEz,l + Axn,n—l[£r,£+l -1 E6,2+l » (23

and 2 ' 2
2y W (k + nko)(k +n ko) c

X o= =2 . (24)
n,n Yy [m - (k + nko)vb]ZV

Making use of Eqs. (17), (22) and (23), and
defining

2 _ 22,2
q, = (k + nko) w/e”,

the eigen value equation (15) for the longitudinal
perturbation can be expressed as

2 A~
3 3 [3 2\ %(n)
( LR T qn)Ez,l(r)

=

8(r-R ) ~ (k + nk )R
= 2 5 E(n nEinﬂ). -A a, 2 c]
Yy Ro ? : L+1,s

. b u2+1,s r
2+1,an,n—l JR RC (25

for the TE mode. Since the right-hand side of
Eq. (25) vanishes except at r = R, the solution to
Eq. (25) is given by

~(a) . Alk(an)’ o<T <R,
E (r) =
z,%

B[Fl(an) - Kl(an)Il(anc)/Kl(ancﬂ’
Ro <r«< Rc’ (26)
where I%(x) and Kg(x) are the modified Bessel functions

of the first and second kind, respectively of order L.
From Eq. (25) and (26), we obtain

h(R )E(n)(R ) = Il(anc)/Il(ano)
0" 7z, 0 Ii(hch)Kl(ﬁrgo)—ll(and)Ki(qngé‘
G _ 1 “(n) (k + nk )R
EZ,Q, (RO) TY;—Z-[‘XR’UEZ,Q' (Ro) + A _‘.0 (4
L g+l,s

. b 3 OL9.+1,sRo ,
g+1,5%n,0- 17\ TR (2n

from Eqs. (25) and (26).

Substituting Eqs. (22) and (23) into Eq. (19),
multiplying Eq. (19) by r J£+l(a2+l,s r/RC), and
integrating from r = 0 tor = Rc’ we obtain two homo-
geneous equations relating the ampltudes Eini (Ro)
and b . The condition for a nontrival solution

L+1l,s (n)
is that rhe determinant of the coefficients of Ez I
(Ro) and b2+1,s Setting the deter-

minant equal to zero, we find, after some algerbraic
manipulation, that the TE mode dispersion relation is

be equal to zero.

given by
2

2 Q, 2
w 2 2+1,s o
%::—f -(k + nko - ko) - —R—Z‘———E\}) (k + nko)Vb]
: c
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Ty Tpie
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where the coupling coefficient

2 2
E _ a£+l,s JE (a2+l,s Ro/Rc)
QQS(RO/RC) - 2 2 AP T -(29)
o -(%+1) 2+1° 70+l,s
2+1,s

Similarly, we can obtain the dispersion relation4
for the TM mode. The dispersion relation in Eq. (28)
can be used to investigate stability properties for a
broad range of system parameters.
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