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Summary

The equations of motion for a free electron laser
with an electromagnetic pump field are presented. A
scalar potential representing an external static axial
electric field for gain enhancement has been included
in the model. Equations governing gain and phase shift
for each of the electromagnetic fields are given. The
equation for the separatrix has been derived using the
resonant particle concept and found to contain new
terms. These expressions have been incorporated into a
computer code which has been used to simulate several
amplifier designs. The results of these designs and,
in particular, the z-dependence of the accelerating
voltage are discussed.

Introduction

Considerable interest has been generated recently
in free electron lasers utilizing tapered wiggler mag-
nets to provide the pump field (MW FEL),! and deriva-
tions of the equations of motion for the MW FEL assum-
ing a classical, one-dimensional, single-particle model
have been published.®:2'®* In this paper, we 1ist the
equations of motion for the EM FEL with an external
accelerating field, which we have presented in detail
in an earlier paper."

Gain Enhancement

It has been shown! that trapping electrons in
"buckets" allows continuous extraction of energy from
the trapped electrons. For the variable MW FEL, one
maintains the electrons near resonance by decelerating
the bucket with respect to the electrons. This is
accomplished by variation with z of the periodic wave-
length and/or magnetic field strength of the wiggler
magnet in various combinations. For the EM FEL, accel-
eration of the electrons by means of an axial electric
field to maintain them in resonance with a constant
velocity ponderomotive wave appears to be the best
method of enhancing laser gain.

Model Assumptions

The classical, one-dimensional, single-particle
Hamiltonian framework is adopted here. It is assumed
that the circularly polarized pump and laser fields
have only transverse components, although the magni-
tudes are allowed to be functions of the axial coordi-
nate, z. The scalar potential is assumed to be a
function of z only. Electrostatic effects due to the
Coulomb forces of the electrons are included in this
potential. The evolution of the amplitudes and phases
of the fields is determined from linearized forms of
Maxwell's eguations. The electron beam is assumed to
be infinitely long, with an initially uniform phase-
space density and energy spread, Ay. We assume that
the cross-sections of the optical and electron beams
are equal (filling factor = 1).

Theory

The classical, one-dimensional, single particle
Hamiltonian is written in the cgs system

p \2)=
H = mc2 1+ az + (~5) + e¢(z) (1)

mc
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where
-> > - -
3 = jy% and A=A +A,. (2)
mc

The transverse momentum is a constant of the motion and
it has been assumed that one can arrange the initial
conditions such that both PX =0 and Py = 0. The sub-

script L refers to the laser field and P, to the pump
field.

The vector potentials are given by
>

A,
AL = AL(Z)[Q cos (eL -mLt+¢L) -ysin (eL-mLt+¢L)] (3)
- A AL
AP= -Ap(z)[x cos (ep+mpt+¢P) +ysin (eP +upt+ ¢P)] (8)
where ?, 9 are unit vectors, and eL, &p are defined by

z z
9L={ kL(z)dz and 6P=_Of kP(z)dz (5,6)

Using dimensionless variables:

> -
el el
-+ L -+ P
a, = —% and ay = . (7,8)
L7 el -
Then
2 2 2 .
ot =a "+ - ZaLaP cos ¥ (9)
where

fZ
Y= ! (kL+kP)dz- (mL—wP)t+¢L+¢P. (10)

Equations of Motion

From eq. (1) and (10), the equations of motion are
obtained:

. (o, = wp) .
Y = - -L—;Y—p-—aLaP sin\p—i% (11}

me
= (K +kp)eB, - (u -wp) + 8 +ép (12)

and
. 2%
%.: B, = [1 - l_izg_] . (13)
LO

These are the exact equations of motion in (v,y)
space and, with wp = 0 and dp = 0, apply equally to the

MW FEL. It can be seen that with an accelerating po-
tential, even a fixed-period, fixed-field MW FEL can be
made to provide enhanced gain.

Relative Equations of Motion

Eqs. {11) and (12) may be written for the resonant
particle and the phases and energies of the other par-
ticles relative to the resonant particle are then
obtained by subtracting:
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—Z(mL-wP)aLaP(sin Y- sin wR)

2e b(y - Yg)
- (14)
mc
Sy - wg) = clk +kp)(3, - 8, ). (18)

R

To obtain an approximate equation for the particle tra-
jectories, the following assumptions are made:

2 2
5221—“% L e AP <<l (16)
2y
2 2y ~
(" =vg) F 2vply-vp) = 2vgP (17)
and @R very small, éz = Q. (18)

R

The latter assumption is the adiabatic assumption which
requires the resonant phase to be varied slowly enough
that the resonant particle still has the velocity of
the ponderomotive wave, B The approximate relative

7
R
equations of motion become:
P = - Clsin y-sin o) - DP (19)
g = AP + B(sin y - sin up) (20)
where 2
A~ c(kL+-kP)(14-aR ) 5 - c(kL*-kP)aLaP
3 ’ 2
TR TR
(w, ~wy)a, a .
c= L LF ang p=2%. (21 a,b,c,d)
YR mc

The two new terms are those with coefficients B and D.
The D term arises from the scalar potential and the B
term results from retaining the complete form of the
magnitude of the vector potential. The orbit equation
is then written:
dp _ C(sin y- sin q;R)+DP .
dy = T B(sin y-sin pr)+AP

(22)

The above equation is given for completeness and indi-
cates possible distortion to the usual orbit shapes.
For the cases considered here, the B and D terms are
negligible and the orbit equation becomes that of

Ref. (3) and is readily integrable, to give:

o :gAg[cos b+cos Ut (¥t iy - msin q,R]:%. (23)

Variation of the Resonant Phase

The prescription for gain enhancement may now be
developed from the resonant particle concept. The
acceleration or deceleration of the particies with
respect to the ponderomotive wave can be related to the
time variation of the resonant phase. Evaluating éz

R

from eq. (13), substituting iR in terms of & from

eq. (11), and setting the result equal to zero, one
obtains:

. 2\ a,agsiny 0
&= _(E%_).J;fl____ﬂ (- wp) + Rk __|
TR (I-BZRZ)

The first term in the above expression compensates
exactly for the deceleration of the electrons by the
bucket, and the second manifests the desired change in
wR' The approach then is to relate the programmed
change desired for yp which optimizes the FEL amplifier

to the accelerating potential ¢ by means of eg. (24).

(24)

3148

Phase Shifts and Energy Transfer

Maxwell's equations relating the changes in the
vector potentials for the laser and pump fields to the
transverse electron current have been linearized as in
Ref. (5). The resulting equations have been used to
determine the amplitudes and phases of the laser and
pump fields with time. For the simulations performed
in this study, the total phase shift, $L + ¢p, was only

10 mrad over 100 cm and could be neglected.

Coulomb Potential

The Coulomb potential is calculated from the
E-field of the charge distribution. Only the deriva-
tive is needed, and the following expression is used:
1 .

¢ (z)

EE; c (25)

E (2) = -7, =-

The space charge field Ec(z), is inferred from the

charge distribution by integration over the periodic
electron density. Assuming the net change in the elec-
tric field over a beam segment one radiation wavelength
long is zero, the difference field can be determined.
For simulation purposes, Ec(z) is determined at speci-

fied intervals within one wavelength, from which values
for any desired point may be determined by interpola-
tion. Then @C is calculated and included in eq. (11).

Computer Simulation

A computer program has been written to determine
the trajectories of a number of electrons in (v,¥)
space by forward integration of the differential equa-
tions of motion. A beam segment one ponderomotive
wavelength long is considered and periodic boundary
conditions are assumed. After each time step, the
Jaser and pump field intensities and phases are updated.
The fractional energy conversion (FEC) and gain are
calculated from the following:

%

a, “(t)

L
aLZ(O)

t
FEC(t) = :{El(ﬁ)-{<*;l_>dt, and Gain(t) =

where <{(L>represents the average over all of the elec-

trons and t = 0 for the initial conditions. The simu-
lations studied here are all for the same laser and

pump wavelengths and intensities. The three cases dif-
fer only in the programmed variation of WR‘ It should

be noted that for the parameters considered here, there
is no bucket growth, and therefore complete trapping 1is
not possible. The results for these cases are shown in
Figures 1-4.
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Fig. 1. Phase-space evolution of particles for an FEL amplifier with an electromagnetic pump field and enhanced
gain provided by an axial accelerating field. The three cases shown differ in their initial conditions
and in the z dependence of the programmed resonant phase.
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