© 1981 |EEE. Personal use of this material is permitted. However, permission to reprint/republish this material
for advertising or promotional purposes or for creating new collective works for resale or redistribution to servers
or lists, or to reuse any copyrighted component of this work in other works must be obtained from the |EEE.

IEEE Transactions on Nuclear Science, Vol. NS-28, No. 3, June 1981

PARTICLE DYNAMICS IN THE ELECTRON LINEAR ACCELERATOR

S. R. Farrell and W, J. Gallagher

RPC Industries, P. O. Box 3306, Hayward, Ca,

This report is a discussion of the equation of
motion in the electron linac and conditions for solu-
tion. For one special case, the constant gradient,
velocity of light section, a solution is obtained.

Given equations of the form

/; = A4 ;/6;-_4.=F///

which correspond to the one-dimensional equations of
motion for a particle interacting with a travelling
wave, as occurs in the electron linac, the so-called
phase trajectory solution

Fly)dy = Qi) ol & @

can be gotten, which then provides the )’—J relation
necessary to solve eq (1), If eqgs (1) are more com-
plicated, separability of variables is the only addi~
tional requirement, While this problem is somewhat
conveniently solved by computer using a Runge-Kutta,
Milne or some other algorithm, an explicit solution
can be obtained, at least in the case where there are
no £ -dependent parameters.

In the particle-wave interaction in the accelera-
tor, the axial equation of motion describes the energy
gain of the particle,
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Taking the indicated derivative, or as is obvious from
enexrgy considerations,

dy __e_ g, )
dz ~ 792 z

For the purpose of normalizing this equation for com-
puter programming we will use the free-space wave-
length as an independent variable, £z2z/A, and nor-
malize the electric field intensity (as energy gain
per free-space wavelength), of = eé'/\/m,c Thus,
if d 1is the phase of the particle with respect to
the field zero
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The force on a particle produces an acceleration
which will, in general, vary the motion and phase of

the particle with respect to the wave. This dis-
placement is

d_?%/‘j/"' /Ve—l/wjdl‘ (6)

The time differential may be expressed in terms of the
distance traversed by the electron (in free-space

wavelengths)
- £/ Zz _ _ 7
Ad = 73—/1/2 V) &2 = ﬂ‘/djﬁ)

where Bw = Vi /€ and Be = Ve/c = V)'i-//y

(5) and (7) specify the longitudinal motion of the
electron in terms of properties of the wave in the
guide A(¥) and[p’w {j ignoring other components of
the field and space charge effects arising from other
particles in the 'bunch' (1), These equations are
coupled and, usually are solved by numerical integra-
tion: however, in certain cases an analytic solution
can be obtained.
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In particular, if a’/f./ and ﬂ»/ﬂ are constant

@.g., constant gradient, velocity-of-light sections)
equations (5) and (7) can be solved (eliminating df)

£ __ - - (8)
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which, integrating
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Some observations on the trajectories of particles
is immediately evident. When ﬁw </ ¥ may be
more or less than )Y, , because o 1is cyclic, varying
between £ d; . The motion, when relativistic changes
of the mass of the particle may be neglected, is an-
alogous to that of the pendulum (ie, is isochronous),
but generally as in pendulous motion, is an elliptic

. function (ie, non-isochronous, or dependent on phase

amplitude). Energy oscillation ( Y ) is symmetrical
about the injection energy ()’, , for small ampli-
tudes.

On the other hand, whenﬂ“,"/ the nature of the
trajectories change because ~yJi-; > 0 . For
particles which are captured (bound to the wave)
increases without limit as f increase and)w ,
so that

cos &, = cos dy - --(V Vaz-/ (10

J; is then the 'synchronous' or 'asympfotic' phase
ultimately approached by the particle.
This same observation may be shown in another way.
From eq ( 7) we may write

= 2-7:/—1-— >
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which for bound particles becomes, since )’ )f?_/-; /
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from which we may conclude that in the velocity-of-
light sections highly energetic particles do not change
phase, and moreover, that there is no phase compression
(bunching) in the velocity-of-light sections. The
phase width of a highly relativistic bunch remains un-
changed in a high energy accelerator, disregarding
space-charge effects and errors in waveguide tuning.
An extensive discussion of the beam phase errors owing
to RF defects has been given by Belbeoch. (2)

With the phase trajectory solution, eq (9), we
are now able to solve eq (5)

-/ =0,
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From eq (/3) and letting

'7:/—(«75; RALE G
where we have setﬂ»o: 1 and expanded' / by the
binomial theorem. Eq (/3) is now an integrable form;
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the solution of which is

(15)
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It will not escape the reader's notice that eq.
(9) is quadratic in ¥ , the solution of which is

- x +VBE X+ 401 JR2)
2(1-73%)
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Again, one can see the profound change in the nature
of the solution when Aay = 1.

From eq. (10) the capture angle of the velocity-
of-1light section may be calculated, since the magni-
tude of cos Jx must be less than unity. For example,
for y;= 1.157 (80 KV) and X = 4 intrant particles
95.50 & dJ, ¢ 95.5° provide a ‘real' solution;
that is, about 1912 of input phase will be captured
into the accelerating half cycle (but with a poor
spectrum).

Another calculation of the same mathematical kind,
though physically very different is that of the tra-
jectory of a particle (electron) transiting a cavity).
The problem has been proposed by the LASL PHERMEX group
and Prof. Septier, CNRS, Orsay (3).

The trajectory of a particle traversing the cavi-
ty, derived from a simplified version of the equations
of motion (neglecting other field components), is

o o2 e to

=Y ZE) - T sm(wt + ) (18)
where E; is the axial field intensity (assumed constant
here) and » 1s the intrant phase of the particle.
Thus, integrating, (19)
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where the normalized intrant energy is 3; . Noting

that -/— ﬁg _ ‘/)/z -7
C ar ~ Y
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and setting ? swt + ?ga

dz A ofcos @, cos @) +1x1
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Re-integration of this expression seems to be formi-
dable and one would likely proceed by numerical inte-
gration, carried out by starting at an intrant phase
g% and energy ), and choosing an interval of inte-
gration 4@ ; thus, P will be & +#A¢P and a value
of Az calculated. Then, @,+#4 becomes the intrant
phase for the next interval and )/(calculated from

eq. (21)), )’=;/(07[ros?,- ca.s‘;zv)-/- }:—'2—/)27‘/
(21)

the intrant energy for the interval, The process is
continued until the sum the distances4Z is the length
of the cavity (F4z=L), where the exit phase and
energy are then known. Obviously eq (21) provides a
consistency check on the whole process.

But, note that eq. (20) can be expanded by the

binomial theorem and integrated to any degree of
precision using the recurrence integrals

(20$)
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Thus, to two terms, eq. (Z22) becomes
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vwhich, integrating,
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The implicit character of j”in the above expre-
ssion greatly detracts from its usefulness; the result
in greater detail is an arithmetical jungle and ome
would resort to machine for computational assistance
(which was the original situation), and this latter
program is, moreover, much more complicated. That
this complication stems from relativistic kinetics
may be seen from the classical solution:

dimv)
<Z = ely sinfwi + 7’,,) (25)
Integrating, with boundary conditions t = O, iﬂ: 7% R
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Re-integrating, with t = 0, z = O and putting/p=4ﬁfffz
Ey = X/S/L; ’
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Eq. (28), like eq. (24), are forms of Kepler's trans-
cendental equation. (4) It will be evident that either
eq. (28) or eq. (24) is also the solution of the sin-
gle gap modulation problem (klystron cavities, linac
pre~buncher, etcﬁ) where V, is the gap voltage and

(volc)2 = 2 eV/mc* relates the gun voltage to the gap
input velocity, non-relativistically.

Returning now to the previous discussion of eqs.
(5) and (7), it seems incredible that one cannot solve
this pair of equations in general, but it appears that
if x /&) andﬂ/f}are not constant a 'phase trajectory'
cannot be obtained and that is the basic problem.

The area of principal interest in the solution of
the trajectory equations is in the design of bunchers.
As observed earlier, when /3, ¢/ electrons oscillate
around a hypothetical orbit and this is so.even if the
phase velocity is continually changing. In principle
we can specify the orbit of at least one electron
trajectory in the buncher. For example, if we want
one particle (also called the synchronous particle)
to remain stationary with respect to the wave,

Ad g
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which is that the field strength in the structure be

given by
ay, 3w ) d/j’w/j:/

(- i) A

Clearly, one can choose a more complicated phase

history for the particle with intrant phase A by

speclfying alcﬂ‘a{f , thereby stating the function
5?} for one elctron, Again, in this case

- of) 517 0{‘ (30)
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and, as before, ﬁwa) 27 df
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from which the required field strength may be deter-
mined, The calculations involved are tedious and all
other trajectories must still be found by numerical
integration of eqs. (5) and (7). The value of the
observation of egqs. (31) and (32) lies in being able
to specify precisely the trajectory of at least one
particle. An example of this process cannot be pre-
sented from the necessity of briefness. The practi-
cality of the above techulque of finding useful func-
tions afgj andﬁ’ is only limited by the realiza-
biitity of the microwave structure, as described in
ref. 6.

After having found an acceptable set of functioms
of o and /3. for individual orbits, it will be
objected that the microwave design will require a
knowledge of the effect of beam-loading upon the
power flux and, consequently, on the electric field,
the which can be supplied by supposing the total
bunched current as oscillating about the 'synchronous'
orbit and on the average gaining energy at the same
rate as that hypothetical particle. A more serious
consideration is the effect of other particles in the
bunch on the trajectory of a member of it. A technique
of attack upon this problem has been provided by
several investigators (7), using the Tien model of the
beam({8). This approach is to consider the beam as a
series of charged discs, ascribing all the beam charge
to N discs per wavelength. The potential of such a
disc in an enclosure can be obtained. The force on
any disc may then be determined by summing over all
other discs which added to the applied field permits
the motion of the disc to be calculated. Because the
discs are not rigid bodies, some further sophistica-
tion in describing charge elements has been attempted.
(9

Progress in the solution of this sort of non-
linear differential equation has not achieved any sub-
stantial results in the last thirty years, since E,

L. Chu presented a full account of what was then trac-
table (10). That is not to suggest that no effort

has been made; Ref. (11), for example, is a compila-
tion of 53 papers devoted to a discussion of similar
and the more generalized problem from considerations
of the memoirs of H. Poincaré, A. Liapunov, G. Birk-
hoff and S, Lefshetz.

From a purely mathematical view-point Poincaré
generalized the dynamical problem in celestial
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mechanics to
‘i;r: /Cfg;df/ = GQ(C?jdfj

where P and Q are real polynomxals. The so-called
'allure' or 'phase portrait' was understood by Poincaré
(1899) to be the essence of the solution;

dr  Ply,d)

A& T QAlr,d) (34)
where P and Q, though arbitrary, are 'relatively prime’.
Poincaré also noted that a full description of the
phase trajéctory depended upon determination certain
critical attributes; nodes, saddle points, foci,
limit cycles, separatrices, indices, etc. As will be
readily observed, Poincaré had in mind (in drawing
attention to the phase portrait) that the third vari-
able is momentarily removed from consideration, so that
then some process, such as separation of variables,
will permit an ultimate solution. Ignoring special
cases, that is not the situation here. We are faced

with;{he problem L{J
ZF =P Zr Ry o

so that the phase portrait cannot be obtained in so
simple a manner., 1t appears necessary to accept a
higher order differential equation to be solved, where
with substitutions one variable can be eliminated.
Given that A

da“

(33)
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Now, a(/_{) andﬁ”/ /are, of course, known so that
eq. (37) may, in principle, be solved, although non-
linear differential equations tax the ingenuity and
insight of any mathematician., Although the final
solution of eqs. (36) is not of great importance to
designers of bunchers it is of heuristic and practical
interest; it is implausible that an extended knowledge
of beam dynamics would result in poorer buncher designs
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