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We here deal with a simplified version of the weak-
-strong beam-beam interaction that is present in stor-
age rings: the two betatron modes x(t), y(t) of a test
particle, in motion along its reference orbit and be-
longing to a low-density beam, are periodically coupled
because of the periodic collisions with a much denser
beam (we treat with bunched beams).

Let us consider, for definiteness, a case of two
head-on collisions per revolution and with evident
meaning of our symbols (x(t) stays for the horizontal
mode , y(t) for the vertical one), we get:
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where T is the period of revolution, equal to 2m/wg;
6(r) is equal to (l-exp{-r?/202})/(xr?/20%) if the
charge distribution in the denser beam is gaussian and
cylindrically symmetric (r.m.s.Z0=0y=0y): £ is the
coupling parameter between two modes, is simply related
with the number of particles N in the bunch
[£=(2reNC) /(0v2)  for e*,e” rings] and with the linear
tune shift: £ = -2TVpdv M stays for the number of
interactions ("kicks") and, being realistically of the
order of 1010, 1011, can be assumed to tend to =,
The case of a forced oscillator coupled with itself
(one dimensional case) in which only the vertical mode
y(t) feels the beam-beam force, makes sense physically
as the simplest model that represents the effects of
the collisions between a test particle and an unbunch-
ed beam. It requires a different function ¢:
y/V2c 2

¢ly) = — e~ dt.

v ‘o

The integration of egs. (1), (2). We search for scl-
utions x(t), y(t) that are represented by the sequen-
ces {x1(t), x, (£}, ..oxe ().}, {y, (£),y, (8) ..y (B) .}
such that x(t), y(t) coincide with xn(t) and yp(t)
respectively in the interval (n-1)(T/2) < t € n(T/2)
and are continuous. Furthermore, because of the delta
function time-dependence of the interaction term, in
the open interval [(n-INT/2), n(T/2)] xu(t), ypn(t) are
free harmonic oscillator solutions:
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x(t) = xn(t) = An

g(t) =y (t) = c elVoyRot 4 p gTHVuyot (4)
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Reality conditions for x(t), y(t) give Bn=A;, Dn=C§.

By integrating egs. (1), (2) in the interval

[n(T/2)-€ , n{T/2)+e] with €>0% and imposing the

continuity of x(t), y(t) we finally obtain, after

trivial manipulations:
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and similarly for C_ with y instead of x; rn=/xg+yg
and A;, C; being the initial conditions.

Interpolation and extrapolation with rational func-
tions. The knowledge of the coordinates x(t), y(t)
when t becomes of the order of 10!%, 10!! times the
period T or, equivalently, the calculation of (Ap,Cp)
for n ~ 10'%,10!! seems practically impossible to be
achieved, step by step, on a caomputer. Instead we can
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reach easily the values of the seguence (A,,Cp) when
the integer n ranges between 1 and 10°, 107. It then
appears necessary to have a reliable extrapolation pro-
cedure at our disposal in order to use in a constructi-
ve manner the information that is present in the cal-
culated part of the sequence and infer the values of
(An,Cn) having n within the desired range (we may re-
call here that n can be regarded as a discrete time
variable) .

An algorythm that might respond to this purpose,
within acceptable error limits, is the extrapolation-
-interpolation performed with rational functions; it
is a simplified version of the so-called N-point Padé

approximants 1. To be more precise, once we are given
the sequence S;,S;,...Sk..., we consider the rational
function
P(x) po+p1x+p2x2+...+gzxﬁ

= (7
Q(x) q0+q1x+q2x2+...+qum

verifying the condition [P(x3)]1/[Q(x4}] =5; (i=1,2..n)
such that m+t4+1 ¢ n and x; £ i or 1/i (more complicated
relations between xj and the index i are also possible
in principle as long as xj#xy for i#j) . Attempts to
find the interpolant are usually some variation of sol-
ving the problem in the cross-multiplied form:

P(xi) = Q(xi)Si (8)

which reduces to a homogeneous linear system of equa-
tions in the unknowns pg,p1, Py Q0. Ty The unigue-
ness of the interpolation (Cauchy) is not a priori cer-
tain and several degenerate configurations are possi-
ble 2

If we reduce our analysis to the diagonal or para-
diagonal (f=m; f=mtl respectively) approximants, a very
practical procedure is to use as rational interpolants
the truncated functions obtained from the continued
fraction S(x):

S(x) = v (x) (9)
X“Xk
v, (%) = v (x ) + ———
k k ¥k Vi (10)
S(x) = v, (xy) + 22X (11)
X—Xg
vz (%2 )+ vilxz)+...

Recently 3 more elaborated and reliable rational inter-
polation algorythms have been introduced.

Algorythms for the limit n3o, The interpolation-
-extrapolation procedure can become extremely compli-
cated in practical applications and one might look for
a simplified, global but gquicker answer to the guestion
of the stability of the amplitudes (Ap,Cpn). This can
come from the analysis of the limit of the moduli se-
quence (|Aq|,|cy|) for mse (time +). The algorythms
that calculate the limit are based again on the Padé
approximants (of the first and second type): we mention
here explicitly those three p,r,e that we used in our
computer experiments on the beam-beam problem.

Let us consider eq.(7) with x33j and f=m, the extra-
polation limit x4»®, namely the ratio p /q , can be
calculated by using the p-algorythm 4 2
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the sequences with even lower index k provide usually
the desired result, if it exists, whereas the odd k
ones have purely an internal constructive role in the
method. One could use the complex formulation S5 =

= |aj|+ijcy| instead of evaluating separately (Aj)
and ( Cy ) for joe. For the case xj30 (x5=1/3) Stoer 4
has given an algorythm which calculates pg/qo for a
stair-case sequence of the type II approximants. It is
called the r-algorythm and is defined by:
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The e-algorythm 5 , that usually accelerates a sequen-
ce to its limit, is based (instead of the first two)
on the Padé approximants of the first type and is de-
rived, once we are given a certain sequence {s4} by
constructing the approximants [n,n+j] from the expan-
sion S(x) = Sp+(S;-Sp)x+(S,-5;)x%+.... and taking
their values at x=1. The ¢ sequences are calculated

as follows:
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The limit j+» is given by a certain sequence labelled
by an even lower index whereas the odd lower index
refers to intermediate steps of the calculation. The
relation with the Padé approximants is
e) = {[n,n+j 1} __, -
2n x=1
We may notice that this algorythm is normally very
powerful and can be used in a multidimensional ver-
sion for a vector sequence {gj} by introducing the
§amuelson inverse of an m-dimensjonal yector
X S{xg.Xg,...x): ()71 = (Z¥H-1.% with x
114227 xm oy
complex conjugate of x.

Being based on the theory of power series the ¢
algorythm may produce a convergent sequence (its
limit is the anti~limit) from {Sj} if this diverges.
The latter property compels us, for our purposes, to
use the algorythm only as a checking tool; this is
however very interesting because of its independence
from the first two.

Preliminary numerical tests and remarks on the
results. We have tested systematically the methods
proposed above by comparing, first, their predictions
in two extreme cases (called a and b) where either
the input data are chosen in such a way that we ex~
pect stability at all times (and also for t»®, n»»),
because of the weakness of the coupling parameter £
in particular, or the input parameters are so evident-
ly absurd on physical grounds, that the phase space
orbit reaches its stochastic behaviour quite rapidly
and one then gets instability for the betatron motion
(see figures ! and 2). For this particular comparison
we limit our analysis to the one-dimensional case
{r(t)=x(t)}, where the stochastic regions in phase
space are not linked with one ancther (no Arnold's
diffusion), still considering the same function ¢(x)
present in egs. (1) and (2). The parameters for the
case a and b are respectively:

a) XOEZIA1I=R€(A1+31)=0.1 cm Vo=0 £=0.2

\Y = 32.14142136
0x
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b) x = 2[A;|=Re(A,+B,;) = 0.5 cm vy =0 £ =7.0

v = 3.14142136
10,4

The limit is determined in the following manner: first
we calculate from eq. ( 5) the sequence |Ay| with j
running from 1 to 10%; .then after this finite sequence
is memorized, we extract from it various finite sub-
sequences with different criteria and for each of them
we calculate the limit j-o« by the three algorythms g,
p . r. One of the adopted criteria lies in selecting

a sequence of "maximi moduli”, among a certain group
of elements with a prescribed rule; then we loock for
its limit for iso. It appears obvious that we accept
the result as a true limit only if the number obtained
remains constant no matter what subsequence and algo-
rythm are used.

The "maximi moduli" criteria for the cases a) and
b) are the following: we pick up the absolute maximum
among 200, 250, 500, 2000 values for the 10¢ points of
|A- in succession from All to ‘A 10q thus obtaining
four finite subsequences of 5000, 4000, 2000, 500 terms
respectively; these are now the input ingredients for
our three algorythms €, p, r. For the cases a) and b)
the result is clear and allows a simple interpretation:
the former gives us always, for all different criteria,
the same result (%ig 2+|an| = 0.106143) and we can
say that the limit exists and has a definite calculated
value, the latter does not allow undoubtedly any limit
(for instance different inputs give different results
and some algorythms give absurd numbers). Therefore our
procedure can discriminate, in the situation described
above, very clearly between a stable and an unstable
regime or, equivalently, between a regular orbit on a
"torus" and a stochastic one in phase space.

For the case a) if we compare the "maximus modulus”
limit with the one derived from other selections we may
observe that the former is reached more quickly and is
greater of a few per cent (between 2 and 4); further-
more it also guarantees us against eventual undesired
large oscillations of the amplitudes | A4 for j large.
Other sets of input parameters have been chosen in
order to look at the limit: an analysis with g and p
only, based on 2000 terms extracted from the first
10 5 elements of the sequence |Aﬂ and chosen for j
running in succession from 23.001 to 24.999, from
48.001 to 50,000, from 73.001 to 75.000, and finally
from 98.001 to 100.000, gives the information that the
sequence seems to tend to a finite limit for parameters
X9 < 1.0 and E between 0.2 and 2.0. This analysis is
however incomplete,less clear and based on less input
data (and two algorythms only).

Let us now come to the two-dimensional case
{| 33 },]c3 [} 3=1,2... . A Qetailed analysis has been
performed on two physical situations characterized
respectively by the parameters: X &y,=0.05 g =0.1
vy x=3.14142136 v, =3.17283574 and same X,,Y¥grErvpx
but \BY=2'14142136' In both cases 10° values of |Aaj|
| Cj| are calculated and memorized from j=1 to j=1086
with the egs. (5). For the first case we
pick up again subsequences of 1000, 2000 elements in
various manners (either random or with fixed steps
1 every 1000 and 1 every 500 or blocks in succession
of 1000 each) and in particular with the max.mod. cri-
terion (max.mod. on 500, 1000, 2000 blocks). The three
methods g,p , ¥ (e and p used in the coupled two
dimensional vectorial form)converge quite clearly, and
rapidly in the max.mod.case, to the same value: we
have 1B max.mod.{ 2|aj|, 2|c3|} = {0.05132,0.05174}.

The second case {which has a resonance condition in-
bedded in v_-v,=1) is treated similarly and leads to
an unambiguous” limit (with ¢ ,p ,r ):

lim max.mod. {2|Aj| , 2|cj|} = {0.05328, 0.05238} .

j-)m



Other two dimensional limits have been computed on
100.000 values: the results are obviously less conclu-
sive but in general seem to promise a regular behaviour,
that is consistent with a limit, for xp=y¢ < 1 cm ,

£ < 2.0,

Wwe end this note by emphasizing the fact that more
detailed analysis based on actual physical parameters
seems necessary in order to be conclusive on the capa-
bility of our approach but the discrimination pointed
out before, between regular and stochastic regime,
seems promising and encourages further investigations.
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Fig.l - Graphycal analysis in phase-space of the beta-
tron oscillation coordinate x(t) for
x(0) = .1 cm, £ =.2
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Fig.2 - Graphycal analysis in phase-space of the
betatron oscillation coordinate x(t),for
x(0) = .5 ¢em, & = 7.
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