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Summary

A non-linear theory of multicharged
ion cyclic motion is presented in the
report, the charge being considered a
dlscretely changing parameter.Expressions
for ion closed orbit are found to an
accuracy of~ é;g c& , where {44 | 1is the
charge spreadmesar the mean value q, .
Conditions of magnetic structure
chromaticity compensations are also
formulated to the same approximation. The
gtudy is made in an easy-to-use form,
which may be directly applied to studying
monocharged beam dynamics at high
momentum spreads.

1. Introduction:

Increasing the pulsed intensity of a
heavy ion synchrotron may be achieved by
he uge of on intermediate storage ring
1, 27. The main purpose of such a device

1s to transform low-intensity pulses of
long duration into shorter and more
intensive ones, which are adequate to the
conditions of injection into a synchro-
tron,

Because the phase density of heavy ion
beams is low, it is reasonable to use the
method of charge-exchange ion injection
into the storage ring. A method similar
to this is widely used for {4~ ion
injection into proton synchrotrons, which
results in an increase in phase density.

A feature of such heavy ion storage is
that ions of different charge states
simultaneously circulate in the ring. The
equilibrium distribution of charge is
close to a Gaussian one. Charge spread
may be high enough, for example,

ﬂ =0.04 at an energy of 10 MeV/nucle-
on for uranium ions, where d is the
dispersion of the charge distribution and

is the average beam charge. This
ratio exceeds the particle momentum
gpread in antiproton accumulators. Heavy
ion storage may continue during several
hundreds of turns, and to avoid beam
losses the radial aperture of the
magnetic ring in the above case should
be hlgh enough to conflne 1ons with a
charge spread of {{ ~ 0.10.

Ancther feature of g vy ion storage
is that the ion charge changes from one
turn to another, though it stays within
an equilibrium distribution. The
probability for an ion to be in a certain
charge state depends upon the distribu-
tion function. Therefore, probability for
an ion to be at the edges of the charge
gpectrum is rather low. This in turn
means that ions rarely reach the distant
parts of the radial aperture, so the
field quality in these parts may not be
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ag high as that in the center. Changes
in charge siates make resonance
phenomena less dangerous provided that
there is spread in betatron frequencies.
The natural chromaticity of a magnetic
lattice gives rise to excessive
frequency spread, so there is a need
for controlling chromaticity by means
of introducing non-linear field
components.

2, Equations of Transverse lMotion

Let us consider radial and axial
motion of ions in a magnetic system
having a median plane., The ion charge
is considered a discretely changing
parameter, The equations of transverse
motion describing the ion deviation
from the chamber axis in X and Yy are:

- & (+3)s _‘i<_57<\+~’-") (1a)
y;.' = 3_"(\-5- ) (1b)

where momentum, Ro —curvature
radius, B,.and By = field comgonents.
The tennsof the orifr ~(X J/Re as well
ag of ~ x'? and ~ are not allowed for
here because of Their small contribu-
tion, but it is worth noticing that an
analysis is needed of such a step_in
considering lattices with small R, .
Let us further represent q , P R

and By as
%), 88,1+

(5, PR3

where "O" means that a corresponding

value is taken on the chamber axis.
Introducing

£ AVP’ —Aq/“o (2)
\+ 4P/po
we can rewrite [Egqs.(la) and (1b) as
)“- A fond AR ~
"L‘ “{_ oBy gi + 243,, X (3a)

RE g, R
~(\~i)3*(\+

(3b
T, )
where P, BbRn .

Expanding ARy and Bx in Egs.(3a)
and (3b) into power geries of deviation
from the chamber axis:
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S =g+ 3L(x21yz)+ 95(x3-3xyH)¢... (48)
%5 29 +2G2%y + 43 (3 -y’) oo (4D)

where

e}““es __l__ ( 1;“€57:>
miB, \ 2 x™ o ) (5)

m= 4,83 ...

The equations of transverse motion take
the form convenient for studying the
effects of the problem considered:

J(“"'(’é;z*‘ﬂl)x = k&t (fara)ex -
-(1—:.)[(%03\ 32} - 3gyz+(§oqz+93) -
- 3g3xyt] .

3303 =98y +(2(4 4y + (O
*(%&1*395)#7 -33)3:l PR

3. Closed Orbits

(6a)

The solution of Eq.(6a) may be found
in the form:

X(s)=Q(s)+%(s) (7)

where %(58) describes betatron cscilla-
tions, and gé$+LJ = Q(s) , L being
the length of the equilibrium orbit.

The periodic solution may be written
as a series:

o) = Y& + 1), (8)

where W{S)is the dispersion function
determining the closed orbits of
particles as a linear approximation in

Dtyg? . This function satisfies the
equatlion

t(rera) v =g, )

?

whose solution is well known:

Y(s) = a(s)(s) +a*(s) o)
SHL

=L — ' (L ok 10
afs) = ‘_e-.MSS 2. 8ds | (10)
where We \f;*f- T‘*ﬂf’ is the Wronskian
of Floquet functions, M 1is the phase
shift of betatron oscif&ations per turn,
an asterigk meaning complex conjugate.
If there is no momentum spread, then
we have as a linear approximation in

AQ/qo ;

() = - Y(s) -;J; (11)

This is practically enough to find out
the radial aperture of the ring
degigned to confine a multicomponent
beam. However, in order to determine
betatron frequencies and lattice
chromaticity there may be a need for
the ¢ -function in an £% approxima-
tion.” The second-order term may be
found by solving an equation for W .
Allowing for Egs. (6a), (8) and (9)
this equation is written as feollows:

HilRerat =[5, r90¢ -
-(Rarmy =%

This equation appears to be similar to
Eq. (9), but there is another function
on the r.h.,8. of it. This function
may be expressed in terms of ¢ , a
periodic seoclution in a linear ‘approxima-
tion, as well as of 2, s & quadratic
non-linearity, which Gs determined from
the conditions of chromaticity correc-
tion.

The solution of Eq.(12) is given by
Eq.(10), where ¥/R, should be
subgtituted by YR \

(12}

4. Equations of Betatron Oscillations.
Chromaticity Correction

Now assuming that the periodic solu-
tion (8) is found and allowing for
Egs. (6a), (6b), (9) and (12), we may
obtain the equations of the betatron
oscillations of ions near their closed
orbits corresponding to their momentum
and charge:

5" )5 = { (Berm -2l
-2 35 e 3e iz aanle]s -
-Q-f.\L%' 34"’3:.'*'3(‘\’ *‘ﬁﬁ)(%ﬁfﬁ_&i} 3 Z
H0) Jurd (Pr4)95€ 1y e -

(13a)

jﬂ‘ﬁ‘J :{E—3,+2w(%;+31);]5 +
MERO[C R AL EENET I B
+.Z[\~£)[%L+92 +(~y+£q;)( %ﬁ,f}gijejgj +(13b)

+.!.
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Dispersion terms linear and quadratic in

£ are allowed for in these equations
as well as terms 6f a power series of
deviation from closed orbits including
quadratic ones.

The most important feature of betatron
motion is that the frequencies of
betatron oscillations in linear magnetic
field depend upon & . Because ¢ in
the problem considered is rather high
( ¢ =~ 0.1), special measures should be
taken to make the frequency range
narrower.

The procedure of eliminating the
" dependence of the betatron oscillation
frequencies upon momentum is developed
well enough and used in accelerators and
storage rings. The principle of this
procedure is based upon correcting the
lattice chromaticity by means of
quadratic non-linearity. The presence of
charge spread does not in principle
affect the matter, but the correction in
this case should be more thorough. In
order to compensate gz ~ effects at a
large charge spread there might be a
need for the introduction of not only
quadratic but also cubic non-linearity.

The conditions of zero chromaticity
in an ¢ linear approximation according
to Egs. (13a) and (13b) are given by

L
! [%}*(" 4 %) - 2“\’31] Hx\zots =0
. (14)

- 289 - 2vga 4,04 =0

o

These conditions are ambiguous in
correcting the fields of conventional
accelerators, because the 2 azimuthal
dependence may be quite different., In
the problem considered § 1is large, so
it is reasonable that non-linearity be
introduced into those magnet elements
in which basic inconsistency occurs
between the ion charge and focusingy
defocusging field, In particular, non-
linearity should better be introduced
into all the gquadrupoles of a separate
function lattice., Such a method for
correcting chromaticity does not effect
any substantial envelope distortion.
The lattice periodicity stays the same,
and there are no reasons for the
occurrence of additional resonances.
The introduction of quadratic field
non-linearity effects the dependence
of frequencies upon the squares of the
amplitudes of vertical and radial
oscillations, This effect occurs in the
gecond order, and at emittances natural
to a beam in a synchrotron appears to
be relatively small {3) . If the
equilibrium orbit is distorted due to
random errors in dipole field, non-
linear components may cause additional
resonances [4] . The distortions of
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the equilibrium orbit should not
exceed several millimeters.

Lattice chromaticity correction in
an g* approximetion is performed, as
it follows from Egs. (13a) and (13b),
by means of cubic non-linearity. It is
reasonable that this non-linearity be
introduced into lattice elements.
Because quadratic corrections to
frequencies are naturally much smaller
than linear ones, it is enough to
allow for only the main terms in
integrands similar to that in Eq.(14).
Then the condition of eliminating
undesired quadratic deviations in
oscillation frequencies is given by

L
élzw'-wﬁ”‘i’z%s ]l%,,tzda =0 (15)

The integrand of this expression
contains %1,, which was determined
earlier on"the basis of the condition
of compensating frequency spread in a
linear approximation in £ .

In conclusion, let us now specify
the procedure of calculating a closed
orbit and correction fields in an ¢?
approximation:

1. According to Eq.(10) one finds the
dispersion function ¥ , which
determines closed orbits in a linear

approximation.

2. From Eq.(14) ?z(s) , & quadratic
non-linearity, is calculated, which
is needed to compensate chromaticity
in a linear approximation.

3. Integrating Eq.(12) one finds the

Wi function and, allowing for

Eq.(8), closed orbits in an g%

approximation.

4. From Eq.(15) 93 4 & cubic non-
linearity, is®falculated, which
makes it possible to compensate
chromaticity in an g% approxima-
tion,
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