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Abstract 

Resultsandanalyses of cuq3uter simlationsof 
the beam-beam interaction in the "Tevatron" tsp colli- 
der are presented. Long-tine simulations of this non- 
linear -ional (2-D) interaction are under- 
taken in a search for beam blow-up due to "Armold 
Diffusion". No large blaw-up is seen in simulation 
of 20 minutes Tevatron time (60 million turns). In 
separate investigations it is foti that the non-linti 
interaction can enhance diffusion frm external 
sources, if a low order non-linear resonance be within 
the "tune spread". Amdeltodescribe this enhance- 
ment is presented. 

Intrcduction 

In the Fermilab Tevatron I project, bunches of 
protons at-d antiprotons (p's and p's) will collide in 
the1000 GeV superconducting ring. As theseb~~~hes 
cross each other, particle motions will be perturbed 
by the non-linear 'beam-beam" force fran the opposite 
colliding bunch. 

These Fp collisions are different fran those ob- 
served in earlier machines (e+e- , pp) and may have 
different limiting intensities. It has been suggested, 
for instance, that tba "2-D" nature of E collisions 
may cause beam loss due to "Arnold Diffusion". Also 
the beam-beam limits in e+e- and pp collisions are 
notfullyuriderstmcdarxl cannot be simply extrapolated 
to a m collider. 

'Lb develop an understanding of beam-beam effects, 
we have undertaken simulations of beam-beam colli- 
sions. Resultsand analyses of thesearepresented 
in this paper. 

Simulation Procedure: Pguations of Wtion 

In the simulations reported inthispapsr, par- 
title transport is calculated in three steps: a 
linear transport; a non-linear beam-beam kick; and a 
randcm diffusion kick. Particle motion through 
millions of these steps are calculated to simulate 
minutes of beam storage. 

Particle notion fran interaction region to inter- 
action region is simulated by a linear 4x4 matrix, 
which is the usual Courant Snyder (C-S) matrix1 
characterized by the C-S pammaters: Vx' v Y 

"tunes"; 
8 x' By rax,a . Y 

The tm transverse motions (x ard y) 
are not coupled and ax = a 

Y 
= Ois chosen at the in- 

teraction point. 

The beambeam interaction is simulated by adding 
a non-linear kick to the velocities x', y' of the 

*Operated by Universities Research Association, Inc. 
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form x' + x' + Fx(x,y). we use 
-(x 
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+ y2) 

Fx(x,y) =I!$= 1-e 
20' 
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X 

0 
x+x 

202 
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=- A aU(x,Y) 
ax 

where Av is the "linear tune shift", fro the C-S para- 

mater, and this function corresponds to a round gauss- 
ian "strom$ beam with rms radius 0. This beam-beam 
force is a "zero-length", "weak-strong" interaction. 
For the one-dimensional (1-D) cases with external 
%oise" this force is ttmncated by setting y = 0. 

In these simlations only the fractional part of 
the tunes is significant; the integer part is set = 0. 
We note the distinctions amngtune parameters: v is 
the C-S tuna of the transport b&men interactions, 
Au the "linear beam-beam tune shift", v. the tune of 
zero-amplitude partideS (v. = v + Av). 

Ramdan diffusion is sinulated by adding a ran&m 
velocity kick on each turn to x' , y': 

x' +x' + 0 R xx (2) 

where 8 isamxirmnnamplitudeahd Ris a ranc%mnmnber 
be- -1 and +1. 

Cur approximations simulate the special conditions 
of m colliders: collisions of round beams, "weak- 
strong" collisions (sore p's than p's), a short inter- 
action resion, no svnchrotron radiation, but with same 
rmdan diffusion &t&l by beam-gas scattering or 
similar effects. For these colliders Av 5 0.01. 

Img-tine Simulation 

Recent research has noted that 2-D motion in a 
non-linear force field can develop excursions to large 
amplitudes at large tine scales, providing effectively 
unstable notion called "An-old Diffusion" 2 . Tb deter- 
mine whetbar such mtion can cccur within & colliders 
we have undertaken lone time scale simulations with 
highaccuracy. In these cases randcxn diffusion is not 
included aad the hiuh accuracy removes mall errors so 
that wa can isolate-the "stochastic Am&d diffusion". 

For these calculations CDC double precision is 
used to obtain 28 decimal place accuracy for a single 
turn calculation. Accuracy in a long tin-e simulation 
was checked by following particle trajectories with 
different initial conditions forwazd in tine for 60 
million turns and then reversing the trajectories. On 
return, after 120 million turns (40 min. ring time), 
the initial and final positions agree to 14 decimal 
places, which indicates the scale of acmmulated 
errors. 
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The longest tirrr: scale simulation which we re- 
port here contains 60 million turns of calculations, 
whichwouldcorrespond to2Ominutesstorage ring in 
a $p collider with a 20 ps period. 

For our cases we have foll& the trajectories 
of 100 sample particles through 60 million turns and 
fitted the rms einitiznces sX and sY of this ensemble 
as a function of tine to straight lines to obtain 
doubling times forthatemittance. 

case I: vx = 0.245, v = 0.12, Au = 0.01. A 20 

min. run shows an increase in Ed= &Xf 0.5% 
Y 

correspmding to a doubling time0 Y 65 hours. The 
increase in ~~ofl% is balancedbya decrease in 

EY 
of 0.25% (see Table I). Statistical analysis of 

our calculation procedures3 indicates an expected 
error in this increase of + 0.1% suggesting that 
these small changes may be significant. 

Case II: vx = vy = 0.245, Av = 0.01. A 20 min. 
run shxs a decrease of ok of 0.03%, consistent with 
zero change. Both ~~ and ~~ shw similar small de- 
creases, consistent with zero change. 

Ithasbeenshcwn4thatifvx=v, sx = By I 
a 

X 
=ayandthestrongbeamberound,y~theguan- 

tity pe = x'y - y'x is constant, and the equations of 
motion can be reduced to 1-D and therefore huld not 
show 2-D "Arnold Diffusion." This is consistent 
with our simulation (case II). 

Altiugha similar invariant has been proven to 
exist4 if Bx #By, we have not found any invariant 
withvx#v . Y 

An increase in E by "Arnold Diffu- 
sionll in case I is still possible and may explain 
thesKkallchargewe.see. 

In sumnary, our long-time simulations show that 
beam-beam collisions with Pp parameters (Aw 2 0.01, 
round beams, %l day storage) should not show large 
blow-up due to "Arnold Diffusion" (see ref. 3 for 
details). 

Diffusion Enhancgnent in 1-D Stilation 

The randan diffusion of eg. (2) causes an in- 
crease innns anittance E , definedby 

E = 6 @q-p>--< -~$z-) 

wi-ere x0, x; are average values (beam centroid). In 
the absenceof abeam-beam force aranlankick causes 

alinearincreaseof Ewitht~tgivenby 

E = Ed + Do t = so + B e2 t-+ (3) 

where nT is the number of turns and Do is a diffusion 
constant. 

Our numerical simulations show that this increase 
can be substantially mcdified by the beam-beam force. 
Tba increase remains linear to a first approximation 
and we rewrite (3) as 

E=Eo+ % Do t 

where % is a "diffusion enhancerent factor". We have 
calculated s in 1-D simulations by following -100 par- c r 
title trajectories"' for Q200,OOO turns for various 
values of va , Av a& D, and saw of these results are 
displayed in Table 2. InttaeSeCS?SWehaVedE!lib- 

eratelycbosen Av andDolarger than in physical& 
colliders in order to develop observable effects within 
shrnrt cuq'uw tilt?ss. 

~theseardother caseswederive w features 
of this enhancerwt: 

1. cl,canbs substantially greater thanlifamajor 
low order resonance (l/4, l/6, l/8 . ..) be within the 
tune spread v. to vu -A~,withgreatestenlaancenent 
bylowestorder resonances. 

2. a,is independentof Do , 

3. The developlwt of the nns increase in beam size 
dependsonthelocationoftherescnance within th? 
tune spread. Iftheresonanttunebenearv.the 
cmhncmmt is due to a few particles kicked to large 
qlitudes. If not, the enbmmsnt is distrilxlted 
mare uniformly. 

AModeltoDescribe 1-D DiffusionEZnhancerfent 

In Figure 1 ws show sample particle trajectories 
for a particular case (v. = 0.20, AV = 0.04). With- 

out a beam-beam interaction these trajectories are 

elliptical with the quantity I = r-----l X /% + S(x')2 
invariant. The non-linear force modifies these tra- 
jectories so that those with amplitudes IO- A and 
1. + A areadjacent, where IO is the center and 2A 
is the widthof the'resonantregion with resonant tune 

‘k = k/m. 

In the app roximation that the particle notion is 
dcxninatedbytbelu#astord~ resonanthanronics IO 
andAcanbeexpressedinte.rmsoftheFwrierhar- 
msnics of the beambeam potential U(x). 

UJI) = +-r"i ~~~0s B)cos(n\B) dB 
0 

where I is defined above and 0 is defined by 
x= 21 8, cos B . IO is the solution of: 

XJo(I) 
"-uR++ 7 =o 

and 

A- J/T whereUi(I)=> 

These relations are derived in ref. 5 which also in- 
cludes numerical calculations of Urn for our gaussian 
potential. 
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Gur Mel for diffusion enhancement is as follows5: 
Partdan diffusion increases particle amplitudes I in a 
Eiramian llkmner. The res4mance places the amplitudes 
IO 

- A and IO + A adjacent so that Brmnianmtion in- 
creases rwan particle amplitudes by s 211 whm particles 
reach the threshold IT = Io - A. The diffusion is 
thereforeenhamedbya termpropxtionalto thereso- 
nance width multiplied by the rate at which particles 
reach the threshold IT . For gaussian beams that rate 
is 

. 
N Do IT 

N= 
6--- 

E2 
exp (- 6 IT/E~) 

0 

Our diffusion constant is: 

A-IT 
D = Do 14-72 - exp (- 6 I,+,) 

In Table 3 we present cmparisons of aF calculated 
with the ahme model and as generated in our simula- 
tions. Both qualitative and quantitative agreement is 
obtained (see ref. 5 for details). 

Conclusions 

Cxu long-tin-e simulations indicate that there is 
M large beam blow-up due to "Amold Diffusion" at gp 
collider paran-eters. Future simulations will be under- 
taken to set further limits on this process. 

CUr 1-D simulations indicate that the coupling of 
rarxlan diffusion fran outside sources to the mn- 
linear force is important in limiting beam stability. 
Ebension of our analysis to the $jp 2-D geumtry and 
inclusion of other mm-linear and noise effects such 
as "tune rrcdulation" and flm supply ripple" will 
make these limits mre precise. 

Our analyses to date indicate that m collisions 
With tune shifts of z 0.01 should be possible without 
loss Of bmimsity, even with storage timas of many 
bWS. 
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Table I - Change of Ehittance Values in Ionq Time 
Simulation 

case1 - ux - 0.245, "), - 0.12, I" - 0.01 

T 
TX schange 

per- % %olanp 
FerHov 

=I! achange 
per- 

Oti. .0227510 --- 
e --- .0227892 0.0191872 - 

+6.9% 
0.0298409 

:i .0228320 +2.6% 
.a228312 

0.0192630 0.0192638 -6.0% -1.6% 
+2.0s 

0.0298550 0.0298863 
20 .0228630 0.01925El 

+1.3% +1.9% 
-1.2% 

+3.29 
0.029**7* +0.7% 

0.019256, -0.8% 0.0299076 l l.S% 

CaaeII-" = =: x uy 0.245, bv - .01 

5 5 <R 

Omln. 0.0237166 ---- -- a 0.0237051 0.0236805 
-.02% 

0.0336119 __ 

:: 0.0237030 

0.0237027 
-.23% 

0.0336262 +. OB% 

0.0237014 
0.023704, +.124 -.lE% 

-.25% 
0.0336253 -.06% 

20 0.0237020 0.0237024 -.07% 
-.ll% 

0.0336232 
0.0237022 

-.14% 
-.Ol% 0.0336229 -. 08% 

Table II - Diffusion mhancment in Simlations with 
100 Particles, 200,000 Turns 

V 

.20 0. 

.17 0.03 

.16 0.04 

.16 0.04 

.lO 0.10 

.26 0.04 

.24 0.06 

CV 73 DO *E 

(Es. 3) (Simulation) 

-- .008 0.96 

-- .008 0.85 
W .008 2.18 

W .032 2.56 
W , l/8 .008 2.23 

-- .008 1.26 
l/4 -008 7.44 

Table III - Canparison of Calculated Diffusion 
hhancemant with Sumlat~on 

. 
v Av 33 A $ aE aE 

IT Wdel) (Simlation) 

.16 .04 l/6 .026 .043 2.7 2.3 

.24 .06 l/4 .046 .12 9.1 7.5 

.22 .08 .1/4 .013 .14 3.7 4.0 

-10 .lO &, :;;;, J"o;j 1.8 2.0 

w 

: 

. 

-s---- 

. 

Fig. 1 Phase Space Trajectories in Presence of a 
Non-Linear Resonance (6-th order) 


