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Introduction 

Coherent instabilities of particle beams in circu- 
lar accelerators and storage rings have been the subject 
of many theoretical and experimental works, starting 
from the early 1960's. I will not try to review all 
work done in nearly two decades and will limit myself to 
give references only to the most recent works or-the 
works more strictly related to the particular way I 
describe these phenomena. An excellent review of the 
early work can be found in reference 1 and for some 
aspects more related to storage rings in refe.rence 2. 

It is usual to classify the coherent instabilities 
as either longitudinal or transverse according to 
whether they influence the synchrotron or betatron 
oscillations. The same qualitative description applies to 
both cases and for simplicity in this paper I will only 
consider longitudinal instabilities. 

The coherent instabilities we want to discuss are 
produced by the electromagnetic interaction of the 
charged particle beam with the walls of the vacuum cham- 
ber in which the beam is moving. The wall geometry is 
complicated by the presence in the accelerator of the 
diagnostic equipment, radio-frequency cavities and other 
equipment necessary to operate the system. The field 
produced by the beam and modified by the walls causes a 
force, proportional to the beam current, acting on the 
beam itself and that can lead to what we call a coherent 
instability. 

Since the wall geometry can be very different for 
the various accelerators it i 
idea of Vaccaro and Sessler(3 5 

very useful to follow the 
of characterizing 

the vacuum chamber and all the associated devices, which 
we will call the "beam environment", by an impedance 
function Z(m), relating the beam current and the elec- 
tromagnetic field perturbing the beam. In this way we 
can study the beam dynamics in general terms and then 
apply the results to a particular accelerator by speci- 
fying the impedance. 

Although one can write the general equations 
describing the beam dynamics and the stability proper- 
ties, it is not possible to obtain a general solution of 
these equations for a realistic beam charge distribution 
and wall impedance. It is however possible to obtain 
solutions valid in certain regions of the parameter 
space of this problem. 

Let us introduce a time scale using the character- 
istic times of the beam and its environment: the bunch 
duration, L/c; the revolution time, To; the period of 
the perturbing electromagnetic field, Tp; the period 
of synchrotron oscillations, T,; the instability rise 
time Ti. In all the work done we always assume Ti > 
T 0’ 

We can consider two cases: 

I) slow instabilities: 'i > T, > To 
II) fast instabilities: Ti > Ti > To I:::; 

Cases I) and II) can be divided in two subcases: 

a) long wavelength: &- << 1 (1.3) 
D 

Se(n) = &-- 

(n+l)T, 

*{ eE/ , (e,(t) ,t)vdt (2.6) 
0 

0 

or, using (2.4), as n 

*Work performed under the auspices of the U.S. Dept. 
of Energy. t,(n) = &>‘uL(u) (yllTo JI /(e,(t) ,,)eirtdt(2 7) 
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b) short wavelength: &- >> 1 (1.4) 
P 

For each of these cases it is possible to write an 
approximate expression for the stability condition or 
threshold current. 

Case Ia describes the coupled bunch instabilities 
and will be discussed in Section 5; case Ib in Section 
6; case IIb, describing what is usually called the 
microwave instability or bunch lengthening effect, in 
Section 7, together with IIa. 

It is of course possible to think of instability 
mechanisms different from the beam wall interaction 
considered here. However in the range of particle 
densities obtained in circular accelerator and storage 
rings, these effects have not been observed and will not 
be discussed here. 

II. General Formalism 

We consider a beam with B bunches and write the 
equati 
form(4 P 

ns of synchrotron oscillations in the 

ip(t) =nwo 5 p(t) p = 0, 1, . . ..B-1 (2.1) 

2 0 
vO L,(t) = - +-- +p(t) + EpW (2.2) 

where 4 is the phase, for a particle in the p-th 
bunch, F elative to a synchronous particle moving with 
constant energy, Es, and constant angular velocity 
;; l PVT ; E is the relative energy deviation, 

($,/Es; v. is the small amplitude 
synchro ron oscillation frequency; q is the frequency 
slip factor; Sp(t) describes the additional energy- 
loss due to the interaction with the environment, S(t), 
and to the nonlinear part of the rf voltage, 
cNL(t)- 

c(t) = c(t) + SNL(t) (2.3) 

This last part is included to be able to consider the 
effect of Landau damping on beam stability. 

The additional energy loss can be related to the 
beam current J (a, t), o = uot + $ being the 
azimuthal angld! If Z(o) is the impedance of the beam 
environment, t e current J will produce a longitudinal 
electric field 3) '1 

E,,!e,t) = - & idwZ(w)J,I (e,w)eiwt (2.4) 

where R is the average ring radius and 

JII(~,LI) = &sdt J~j(~,t)e-~~~ (2.5) 

The relative energy loss per revolution of particle e, 
whose azimuthal position is a,(t), during the n-th 
revolution can be written as 
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When u. <_< 1 it is a good approximation to take 
C,(t) = 5,(nT) and use this expression in (2.2). 

Equations (2.1) and (2.2) can be derived from an 
Hamiltonian 

2 
H = :z; {;~w~E; + ;F $;.; + u + UNL (2.8) 

where 

(2.9) 
and UNL describes the nonlinear part of the rf 
force. 

III. Slow Instabilities 

To study the stability properties we use the 
linearized Vlasov equation. For the slow instabilities 
it is convenient to use instead of the variables JI,E the 
variables I, jl defined by the canonical transformation 
function 

FL+; 
vowot + $,I 

From (3.1) we obtain 

2ll 1,,1’2 
4n = - ( ) \)O 

cos (vowot + $1 

113 

'n 
= ( 

2 v. I, \ L’ ‘,, 

-7) sin (vowot + en) 

The new Hamiltonian is 

(3.1) 

(3.2) 

(3.3) 

H= t+ i&L (3.4) 

where the term i&L can be written as 

UNL = - & n w. B2 Bil I,2 
n=O 

(3.5) 

and U is obtained from (2.9) with $p given by (3.2). 

To evaluate i? we write the single particle current 
as 

j (14’ (0,t) = ewe ki 6(e-wOt-Zrk-2np,/B-$) (3.6) 
m 

or, using the Poisson sum rule and a Bessel function 
expansion, as 

j’!p,) (e,t) = 27rew, k i-(-i jrn Jm[k r,]. 
, - 

(3.7) 

.e i'k(e - o,t - 2np/B) + im (vOWOt t e,) 

where we have used the notations 

up = (2n Ip/vo)l~* (3.8) 

We now introduce the distribution function 
f(P)(I , $ t) for particles in the-p-th bunch and 
use itPto &aluate the total bunch current. 

Assuming 

f(P)(IP’ $Jp, t) = f(P) (Ip, yp)eint 

we obtain 

J,, (e,t) = 2neuo k$,, e ik(e-~ot)+i(ti+mvo~o)t 

(3.10) 

-.e -2nikp'B(-i)mjdIp 
0 

From (3.101, (2.7), (2.9) we obtain for the 
self-potential U 

e2w2 t- z(a+sv w -kWo) 2rik(p-n)/B 

D= 
a ,,y$, ,zm i' ' e 

i[(r+s)vowo%]t 
(3.11) 

m 3T 

ir’oJ din s d$, e 
i sin 

e 3 

Under the assumption 

n << vow0 (3.12) 

we can use a slowly varying phase and amplitude 
approximation and neglect all terms except the slowly 
oscillating ones, for which r+s = o.(5) 

The approximate Hamiltonian is 

Z(~-kwO-rvOwO) 2nik(P-n/B) 

ik 

irq 
' 

d- 
2nI 

J&k -+ 
\)O 

d$,nf(n)(In,$n)eint-ira, 
(3.13) 

and this will be used to describe the slow 
instabilities. 

We can now write theVlasov equation for f(p) 
as 

af(p) a(g+‘+u,,) ,,(p) 
at+ 81 (3.14) 

P ai P 

X$!;. 
w P 

p = 0, . . . . B-1 

We look for a solution of (3.14) of the form 

f(p)(Ip,*p) = fo(Ip) + fiP)(Ip)e iqeP + int (3.15) 

Since f, is the same for all bunches we are 
limiting ourselves to the case where the unperturbed 
bunches are all equal. 

Using (3.15) we can redefine i as 

Fi.=p)tg(')+jJNL =phJ* (3.16) 

where u(O) and u(l) are obtained from (3.11) 
with f equal to f, or f,. 
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We can see by inspection of (3.14) that any 
function f,(I) is a solution describing an equilibrium 
state. The function fq(P), describing a small 
perturbation around this equilibrium, must ag in satisfy 
(3.14). Neglecting second order term in fq(P P 
this equation can be written as: 

f;p) 
qe2$ (af /a1 ) 

(Ip) = - 272 G&T+ ' 

(3.17) 

B-l +m Z(R-qVOtio-kWO) 

',,:, kz?m ik 
.,Zaik(p-n)/B 
L 

where 

a;") (k) = 9: din fhn)(In) Jq(k 
2111 
--') 

0 vO 
(3.18) 

It is interesting to note that with the choice f 
eiqa we have obtained an equation, (3.17), 9 

independent of JI and in which the different q modes are 
not cou~l ed. We will call these modes the "synchrotron 
modes" and will refer to the index K as the index of 
"azimuthal modes". 

Considering (3.17) as a matrix equation for the 
vector fq(P), p = 0, . . . . B-l one can see that 
this matrix is a cyclic matrix in p,n and that its 
solutions are of the form 

f(P) = f 
9 q,s 

,2nisp/B , s=. , . . . . B-l 

The index l's" defines the coupled bunch modes. For a 
given s the bunches oscillate with a phase difference 2n 
s/B. 

Using (3.19), equation (3.17) becomes 

qe2m2B 

fq,s(I) = + ,+q;:;;;l) 

(3.20) 

+OJ 

z 

Z(n- voWO-sWo+kBWO) 

k=-m i(s-kB) Jq[s-kB)e]oq,S(s-kB) 

IV. The Impedance 

It is important to notice that the solutions of 
(3.20) depend.on the form of the impedance function 
ZI d. Althouah it is difficult to know or to prescribe 
the'impedance"function of a storage ring, we can make 
some qualitative remarks based on results obtained in 
existing rings. 

The major terms contributing to Z(a) are: 

1. The impedance of a perfectly conducting wall 
of uniform cross section; this produc s a force 
proportional to aA/ae or Z(w) 2 iw; b-7 

wall;?;) 
The impedance due to the resistivity of the 

3. A broad band impedance describing the effect 
of small vacuum chamber discontinuities, electrodes, 
small cavity-like devices, etc.; this can be simulated 
by a Q = 1 resonator with a resonant fr 

vi 
ency near to 

the vacuum pipe cut-off frequency, wco; 
this description is good at w of the order of wco 
but breaks down at very low frequencies; 

4. Low frequency resonant impedance produced by 
parasitic modes in the radio frequency accelerating 
cavities; this can be important for w < w and can 
have large () and a high impedance peak va!te.(2) 

The term in 1 does not produce instabilities and is 
small for highly relativistic beams. The resistive wall 
impedance is smaller than the broad band impedance at 
high frequency and can be smaller than the resonant 
impedance at low frequency. In what follows we will 
neglect terms 1 and 2, for simplicity. 

One major difference between the broad band and the 
resonant impedance is that a signal at frequency ~1, 
induced in the broad band impedance decays in a time of 
the order of the l/w, while one induced in the resonant 
impedance decays over a much longer time. In terms of 
the impedance decay time l/r and the bunch separation 
To/B we can say that 

1 To ->- 
r B 

for resonant impedance, 

1 To -<- 
r B 

for broad-band impedance. 

This condition indicates that the coupled bunch 
instabilities should be dominated by the resonant 
impedance and that single bunch instabilities should be 
dominated by the broad band impedance. 

V. Coupled Bunch Instability 

Using the conditions (l.l), (1.3), discussed in the 
previous sections, i.e., wL/c << 1, l/yi < Vowo, 
we can simplify (3.20) by expanding the Bessel 
functions, for small values of the argument, as 

with 

aq s(s-kB) = j: d1 f 
, q,s(I) Jq [[s-k@ y] (3.21) 

0 
An examination of this simplified equation shows that we 
can obtain a solution of the form(g) 

equations which h ve already been derived and discussed 
by many authors( 57. 

Our problem is now reduced to finding the eigen- 
values and eigenvectors of (3.20). We have no general 
solution of these equations, although solutions have 
been found for particular forms of the impedance Z(w) or 
by introducing other approximations. In the next 
sections we will discuss some of these solutions. 

fq,s(I) =M Q;f,"';;,JI (5.2) 

M being a normalization constant. The corresponding 
eigenvalue is a solution of the dispersion integral 
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Z[:kB-s-quo)wo] (s-kB)q-I * 

(5.3) 

* JdI 
i) 

,$-$$& (+$@Jq ks-kB@] 

In the absence of Landau damping [q(aU*/aI)<< n] 
and for a Gaussian unperturbed bunch of rms length urn, 

fo(I) = Nn 2 e 
-hI/vou~) 

2n v, urn 
(5.4) 

” T 

we obtain from (5.3) for the collective oscillation 
frequency of the s-th mode of the coupled bunches and 
the q-th synchrotron mode 

Js) 9 e IO Bn Ze(gj 
- = 9 

a?-2 

wO 271 voE 2q(q-l)! 
(5.5) 

where I, = e woN/2n is the average current per bunch 
and the effective coupling impedance is 

22 
Z(k-qv ) 

F;) (I) =-SE iko- 
q,m k 

d1' FAq) (I’) (2) 
l/2 

ZA:I,, = iy- iZEkB-s-q vo),o](s-kB)2q-1 e-(s-KB)2d?2 . 6L 
Jq(kFe) 

(6.6) 

(5.6) satisfying the orthonormality condition 

JFt) 0 (I) Fiq) (I) d1 = 6m p 
, 

and rewrite (6.1)explicitly in the form of an integral 
equation - - 22 - 

,h) (I) =-pT&/- d1’ th)(I’) G (1,I’) 

with 
0 (6.4) 

m Z(k-quo).- Z*(k+q;lo) 
G(I,I’) = c 

k=l 

x(>~'2 Jq (kFii$)f'2 Jqikyj (6*5) 
To write the SymmetricKernel G(I,I’) in the form (6.5) 
we have also made use of the property Z(V) = Z*(,) (* = 
complex conjugate) which follows from causality. If the 
quantity [Z(k 

P 
vo) - Z*(k+qv 

values of (6.4 are also rea . ? 
)]/ik is real the eigen- 

This is true for the 
case of a perf c ly conducting wall where Z(w)/i~ = Lw 
is a constant.P6j 

Let F,(q)(I) be a complete set of eigen- 
functions of the integral equation (6.4), 

This 
authors(I"e 

quation was obtained by several 
to explain the first observations of 

coupled bunch instabilities and has been widely 
discussed in the literature.(lI) 

VI. The High Frequency Slow Instability 

As discussed in Section 4 we can now consider a 
single bunch and an impedance as the broad band 
impedance. Neglecting the bunch index we have from 
(3.17) 

qe2 u2 Z fq(l) =- &E 
0 afo/ar c [ (k-q v~)w~+Q~* n+q(au*/aI > k ik 

(6.1) 

*J q 

m 

oq(k) = s d1 f,(I) Jq 
0 

(6.2) 

We will discuss (6.1) in the case of no Landau damping, 
i.e., BU*/i31 = 0. 

Equation (6.1) has been obtained and studied in 
great detail by Sacherer(I2) and we will follow his 
work. 

Let us introduce a new function 

,Pl) (I) =(gc 
‘-l/2 

1 fq (1) (6.3) 

We can now expand both u(q) (I) and dq(k) in 
terms of the eigenfunctions 

“(q) (I) =; Dq,m F$) (I) (6.8) 

uq(k) =;Eqm A,$'; (6.9) 
, 3 

(6.7) 

with 

A$; = f d1 F,$' (I) ( afo)1’2Jq [ky) (6.10) 
, ” 

aI 

The e'g ivalues of (6.1) can be written in terms of 
the ai?! as ^ ^ 

qeLwE 

“q,m =- - 
+m Z(k-qvo) 

2nE kP-m ----%-- c (6.11) 

The eigenvalues and eigenfunction;of (6.4) depend 
on f, and an Z(m). We do not have any general 
solution of (6.4). A solution has been found, however, 
for the case of a parabolic charge distribution and 
Z(u)/iw = L,(I3). Although this case "per se" is 
not very interesting, all the eigenvalues are real and 
the beam is stable, it can be used to evaluate the 
complex eigenvalues when the impedance is of the form 

with 

<< L w 

(6.12) 

(6.13) 

When (6.12), (6.13) are satisfied we can use 
perturbation methods to write the eigenfunctions and 
the eigenvalues as 

F;’ (I) = ,;)(‘) (I) + ,Itp)(1) (I) (6.14) 
2416 



CL(*) + n(l) 
%,m = q,m q,m 

(0) with "q,m obtained for Z1 = 0 and 

(6.15) 

n(l) _ qe2w2 

q,m 2nE 

o g Zl(k-qvo) - Z;(k+vo) 
-- - 

k=l ik [ 1 *pp) 
, (6.16) 

Let us now find the zeroth order solution. We 
assume 

f(I)=3 2J-Y 0 4ll 2 
Vo@L 

corresponding to a longitudinal density 

With this choice of f,(I) one has(l3) 

(6.18) 

A(q)(o)(k) = Bq m 
m 

jm+l/2Jk’L) ,m=qt2 qt4 
, (koL)l/2 ' me*' (6.19) 

with 

B2 = 3!!l 
q,m 8 u. 

(2m+l) w (6.20) 

Introducing the average current I, = ewe N/2a and an 
"effective impedance" 

(6.21) 

we can write the collective frequency as 

(0) = 
"q,m 2?r E v. q (m+q)!! (m-q)!! (6.22) 

Similarly we can write n(l) as 

&) = ‘I*‘Lii ' w* (m+q-l)II (mlq-I)!! 
qlm 2r v o E q (m+q)ii (m-q)!! 

with 

(6.23) 

2 

(6.24) 
L 

The formulae (6.21), (6.24)can be used to eval- 
uate the coupling impedance for a single bunch slow 
slow instability. It must be remembered, however, that 
(6.24) can only be applied for an impedance of the form 
(6.12), (6.13) and that for an arbitrary impedance the 
result (6.19) is not generally valid. In particular, 
since the term Lw in (6.12) produced by smooth 
conducting walls is very small for high energy beams, 
the formula (6.24) can only be approximately applied in 
frequency regions where the broad band impedance is 
slowly varying. 

VII. The High Frequency Fast Instability 

When the instability rise time is shorter than the 
synchrotron period we cannot apply the results of the 
previous sections, because in deriving the Hamiltonian 
(3.13) we used the approximationo<< v w 

* O'(l%) different approach can be used wheno>> vow0 . 
In this case the "synchrotron modes" q are all coupled 
while using the Hamiltonian (3.13) they are uncoupled 
as shown by the form (3.15) of the distribution function 
and equation (3.17). 

The coupling of all synchrotron modes plays an 
important role in the fast instability. To take it into 
account it is convenient to use instead of the canonical 
transformation (3.1) the transformation 

F = _ ~“OL$~ tg 6 
2 II 

giving 

(7.1) 

(7.2) 

(7.3) 

We limit ourselves to consider a single bunch, which is 
the only relevant case. 

Following the same procedure as in Section 3 we 
obtain the Hamiltonian 

H=xJ~w~I+~ (7.4) 
with 

e2u2 +a Z(kwo-") 
~z-2. c 

gn2E k=-m ik 
(7.5) 

*fdI’ j: ds’f(I’,gl)eik[~(I,6)-~(I’,s’)i 0 0 
Assuming 

f = f*(I) + fl(I,d)e 
i VOfdOnt 

(7.6) 

(7.7) 

where g(1) is obtained from (7.5) for f = fl, 

The solution of (7.7) can be written, using the 
periodicity in 6, as 

af -ins 
fl(l,s) =-L$'---- 

H2n 

vowo 

j- ds,au(~~jI,a’),‘““’ 
e2"'-1 6 

(7.8) 

Defining 

bm = [ d1 yd6 fl(I,6)e-im0(1ys) 0 
we can reduce the integral equation (7.8) to a linear 
algebraic system 

(7.10) 

with 

e2 
T 

o. Z(n~O-vOWOR) m 
=_ - 

m,n 8r2Evo e2nin- 1 
[ dI 2 (?$,)1’2 . 

(7.11) 

2n 
. $ d&da' sin(a+s')e ins'+inQ(I,6+s')-img(I,6) 0 

The solutions of our problem are the values of fl 
for which the equation 

det jam n - T,,,( = o (7.12) 3 

is satisfied. 
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We emphasize here that, contrary to the coasting In this case the matrix T is diagonal and we obtain the 
beam case for a bunched beam all frequency components usual coasting beam dispersion relation(3) 
n% are cou 

8 
led. 

-'I(I) elq 
Also all synchrotron modes fl(I,6) 

are coupled, contrary to the slow 
instability case. In this coupling of all modes lies 

e1, Z(nw,) 

l =' 2aEn n '-----J-SdE 3G/aE 
0-E 

(7.25) 
the difficulty of solving the fast blow-up bunched beam 
case. 

To study equation (7.10) we use the following 
approach. We consider only high frequency 
perturbations, i.e., the case 

where '0 is the rms bunch length in units of machine 
radius. 'Then we consider the fast blow-up case 

w* >> lRlv*w* >> vow0 

For a bunched beam we have to solve the more 
complicated equation (7.10) with T,,, given by (7.21). 
We can obtain a simple but approximate solution if we 
make the approximation that the impedance is large only 
near a frequency no and is nearly constant over the 
range no - Nb, no + N bwhere Nb$ l/o+ defines 
the range over which the bunch form factor X, remains 
near to one. In this simple model, we can rewrite 
(7.21) as 

ieIo -(n-m)2b 2 
T* m,n = 

4 /2 

2nEn uE2 (7.26) 

Using these two conditions we simplify the expression of 
the matrix element (7.11) by assuming Z(nwo - 
@owo)=Z(nwo) and by evaluating the integral over 
6 in the limit Ima+--. We also rewrite the 
integration over I and a as an integral over E and $ to 
obtain form 

The eigenvectors of the matrix Tfi,; are of the 

(7.27) 
2 

T 
ie w. i(n-m)$ afo/aE 

m,n 
z-- Z(ntio)Jded$ e 

8712E"- R-(nn/vo)~ 
(7.15) 

and the corresponding eigenvalue is obtained from 

ieIo Z(noWo) 
l=---..-- 

2 "0 2nEnoE 
(7.28) 

” 

We now restrict ourselves to the case of a 
Gaussian bunch 

fO .= N x(g) G(E) 

h(q) = -J-- e 
J2n u* 

G(E) = --!--e 
-e2/232 

J2rr UE 

(7.16) Since h(x) < 1 and the sum over n has a maximum fora =O 
we obtain a-solution of (7.29) only if 

(7.17) 
+CO 

(7.18) 

e1 -n2u2/* z(n*w*) 

@ --i--- ?' I I 
(7.29) 

0 
E 

We also define 
If this condition is not satisfied wecontradict our 
initial assumption 101 > 1. On the other hand if we 
satisfy (7.29) we can find a solution of (7.28) with 

consistent with the way we have derived (7.20). 
beans that we can have a fast blow-up only if the 

beam current is such as to satisfy (7.29) and that at 
lower beam current there is no possibility of a fast 
blow-up. 

xn = & 
s 

d$ ),(&)ein@ = -& e 
-n202/2 

' 

The matrix element can now be written as 

T 
ie2wo N Z(n,,) 

=- ____ 
m,n 

-A 
4rr2Envo n 

n-m (7.20) 

It is also interesting to notice that for a given 
Q/vow* 9 the function h(Q/nod+) is larger when 
nouh > Ifi/> 1, so that a high frequency impedance is 
more effective in producing a fast blow-up. 

or, using (7.18) as 

T 
m,n 

(7.2 1 
VIII. Conclusions 

with 

h(y) = la dx xe 
-x2/2-i xy 

0 

We have reviewed the general problem of the 
longitudinal stability of bunched beams. Although there 
is no general solution it is possible to identify regions 
in the frequency-risetime space where we can obtain 
approximate solutions. The collective oscillation 
frequency can be written in the form 

PI- 

(7.22) 

This function has the property that 

h(o) = 1 

Ih( 5 1 if y f o , Im y < o 
23) 5‘ z-.-x z 

“oWo P~~~fri eff 

and expressions for the effective coupling impedance are 
given for the high or low frequency and slow and fast 
blow-up regimes. 

SO that it has a maximum for y = 0 and decreases when y 
increases. 

It is also interesting to notice that the matrix 
element (7.20) or (7.21) can be also used to describe 
the limiting case of a coasting beam by taking the other 
limit oh + m or 
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