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Summary 

A computer code has been developed to recon- 
struct the 4-D transverse phase-space distribution of 
an accelerator beam from a set of linear profiles 
measured at different angles at three or more stations 
along the beam line. The code was applied to wire- 
scan data obtained on the low-intensity H- beam of 
the LAMPF accelerator. A 4-D reconstruction was 
obtained from 10 wire-scan profiles; Z-D projections 
of the reconstruction agree fairly well with slit-and- 
collector measurements of the horizontal and vertical 
emittance distributions. 

Reconstruction Technique 

An algorithm for reconstructing the 4-D trans- 
verse phase-space distribution 
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of a beam from a set of linear profiles was given in 
Ref. 1. Wire scanners or optical measurements provide 
samplings of J one-dimensional projections of f, 
denoted by 
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In the simplest case of interest, the 
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transfer ma- 
trices Tj correspond to a drift followed by a rota- 
tion about the z-axis 
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-sin e 0 cos 8 I 

L cos e . (2) 

Thus gj is the 1-D profile measured at an angle 
ej from the (horizontal) x-axis at a position 
z = Lj from the origin. 

he 4 D reconstruction problem is severely under- 
determined; the maximum entropy approach' produces 
a solution-that is the "most probable" consistent 
with the data for g in Eq. (1). The algorithm in 
Ref. 1 was first implemented using a simple trape- 
zoidal rule to evaluate the required 3-D integrals. 
This version of the code was prohibitively time 
consuming. We describe below two improvements that 
decreased the execution time by about a factor of 10 
for the same accuracy. First, we start the MENT 
iterations' from a 4-D Gaussian distribution whose 
projections have the same RMS width as the measured 
profiles gj. Second, we use Gaussian quadrature 
rules2,3 with the weights and abscissas of Hermite 
polynomials to evaluate the 3-D integrals. The 
variational procedure to maximize the entropy needs 
to be reformulated somewhat to accommodate these two 
changes. 

*Work performed under the auspices of the US 
Department of Energy. 

We assume, for simplicity that f has been nor- 
malized and centered as follows: 

j d4v f'(v) = 1, j d4V Vn f(v) = 0, n = 1, . . . . 4. 

The transfer matrices have det Tj = 1 under very 
general conditions, hence the gj will also be nor- 
malized and centered. We define bj, the RMS width 
of gj, by 

b; = j du u2 gj(u), j = 1, . . . . J . 

The covariance matrix CI of f is defined as 

Umn = j d4v Vm vn f(v), m,n = 1, . . . . 4 . 

The relation between bj and u is 

(3) 

(4) 

b; = Sj u S; , 

where Sj is a 1 x 4 submatrix of Tj, 

S = IIT11 T12 T13 T141 3 (6) 

and S+ denotes the transpose of S. 
Since u is symmetric, it has 10 independent 

elements. At least J = 10 profiles are needed to 
find u. However, if the Tj have the form shown 
in Eq. (2), u cannot be completely determined for 
any J. The matrices in Eq. (2) have the property 

Tll T14 = T12 T13 ; (7) 

thus '~14 - o23 is not fixed by Eq. (5). This 
indeterminacy persists for any T-matrices that com- 
mute with the matrix 

ro 0 1 01 
0 

!sz= L -1 i 

0 1 

0 0 -1 0 0. J 0 
(8) 

R is the generator of rotations about the z-axis, and 
014 - a23 is proportional to the mean value of 
the anaular momentum of the beam. If T is produced 
by Hamjltonian time evolution, it has the symplectic 
pronertv.' It can be shown that. if T is svmplectic 
and'T commutes with di, then T muit satisfy Eq; (7). 
Placinq quadrupole magnets between stations is one 
way of-removing the indeterminacy in al4 - 023. 
However solenoidal fields or space-charqe forces are 
not effective in removing the indeterminacy. 

The procedure we follow is to first find the 
function &I with the larqest entropy that has the 
same bj as the measured-profiles..-The entropy H of 
@I is defined as 

H = - I d4v 4(v) In $(v) . (9) 

The solution, obtained by variational techniques,5 
is 

$(v) = ll -2 (det G)l/2 exp [-(v, G v)] , (10) 

where the 4 x 4 matrix G has the form 

G = 1 y. S.+ Sj . 
j J J 

(11) 
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1 -1 The relation u = 2 G , used in Eq. (5), determines 
the y'. 

d nce + is known, we reconstruct f by maximiz- 
ing the conditional entropy5 (that is, the entropy 
of f given 0) 

H(fl$) = -I d4v f(v) In [f(v)/@(v)], (12) 

with Eq. (1) treated as constraints. By using 
Lagrange multipliers, one finds that f must have the 
form 

f(v) = q(v) II h. (Sjv) . 
j J 

The unknown 1-D functions hj are determined by 
inserting Eq. (13) into Eq. (1) 

Sj(Ul) = hj i+l (u,) j du2 j du3 j du4 $(T J'u) 

x II hki (Sk Tj-'u) . 
k#j 

(13) 

The superscript i indicates the iteration number. 
The functions hj are initially set to unity and 
updated according to Eq. (14). Because the present 
algorithm starts from a Gaussian distribution 0 
that matches the b. of the input profiles, fewer 
iterations are nee d ed. We found that two or three 
iterations will usually produce an adequate match to 
the data for the gi. . 

To evaluate t e integrals in Eq. (14) we need a 
quadrature rule for integrals of the form 

1 = J du2 I du3 J dug exp [t-u, Qj ~11 X(U) - (15) 
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Gaussian quadrature rules based on Hermite polynomials' 
of order N are applied successively to the three 1-D 
integrations in Eq. (16). Adequate accuracy is 
obtained with N = 11 in practical situations. The 
matrices E and F can be computed efficiently with 
subroutines SPOCO and STRDI in the LINPACK library.6 

Experimental Reconstructions 

Wire scanners at three stations separated by 
about 90 cm were used to obtain profiles of the LAMPF 
beam at 750 keV. The mechanism of the wire-scanner 
actuators did not allow us to obtain vertical scans 
(e = 90'). Instead, we used sampling angles of 
approximately -60°, 0", and +60" from the horizontal. 
At the first station, an additional profile was 
obtained at about 45". The values of L, 8, and the 
computed value of b for the 10 profiles are given in 
Table I. 

As a check on the reconstruction procedure, we 
obtained slit-and-collector measurements of the hori- 
zontal and vertical emittance distributions near the 
central station. Six complete sets of data were 

Table I 
Geometrical Parameters of Measured Profiles 

Profile j Lj (cm) ej (degrees) bj (cm) 

1 -91.2 59.1 0.176 
2 -90.9 44.8 0.183 
3 -90.6 -0.5 0.200 
2 -90.2 -0.2 -60.0 59.8 0.138 0.158 

F 0 

903122 

-59.7 -0.3 0.133 0.131 

8 61.6 0;231 
9 93.4 

-5;:: 
0.247 

10 93.5 0.265 

obtained for different conditions of beam and detec- 
tors. All six data sets produced viable reconstruc- 
tions although the accuracy of the reconstruction 
varied. Results obtained with the first data set are 
reported below. For the transfer matrices, we used 
the simple form in Eq. (2); space-charge corrections 
were not needed. 

The u matrix computed from Eqs. (5) and (11) 
was (in units of cm and radians) 

1.71-2 

[ 7.17-4 

5.27-5 7.17-4 -1.77-5 
5.27-5 3.98-6 -4.38-5 -5.26-7 

u= -4.38-5 1.88-2 1.03-4 (17) 
-1.77-5 -5.26-7 1.03-4 2.71-6 

I 

The cross-correlation coefficients 

u13 '24 - = 0.04, - = -0.16, 94 - u23 = 0.12 (la) 

4TT3 d?TG 
(det u)~'~ 

are small for this beam, but not negligible. 
The 4-D reconstruction algorithm converged in 

two iterations and required three minutes on a CDC 
7600 computer. The original version of the code typ- 
icallv reauired six iterations and a total of three 
hours-of CDC 7600 time. Two-dimensional projections 
of the reconstructed 4-D distribution f are shown in 
Figs. lA, 18, and 1C. The horizontal emittance 
distribution 

X 

z (x,x’) = J dy j dy’ f( 3’ 1 [I Y’ 

shown in Fig. 1A also can be reconstructed by process- 
ing profiles 3, 6, and 9 with the 2-D emittance code 
of Ref. 1. The results obtained with the 2-D code are 
displayed in Fig. 1D. Figure 1E shows the results 
obtained by applying the 2-D tomography code of Ref. 7 
to profiles 5, 6, and 7. The agreement between the 
4-D and 2-D codes was generally good. For comparison 
we include in Figs. 1F and 1G the slit-and-collector 
measurements of the horizontal and vertical emittance 
distribution. Figure 1A is fairly close to 1F on a 
quantitative basis, but the agreement between Figs. 1C 
and 1G is not as good. However, the vertical emit- 
tance was not optimally sampled with our choice of 
viewing angles. 

Four-dimensional reconstruction techniques will 
be deployed' on the Hanford Fusion Materials Irra- 
diations Test Facility (FMIT) accelerator under con- 
struction at Los Alamos. Light emitted by ionized or 
excited residual gases will be collected by TV cameras 
and digitized. The TV cameras allow flexibility in 
the choice of viewing angles: four views at 0", 45', 
90", and 135" will be obtained at each of three sta- 
tions. The accuracy of the 4-D reconstructions should 
be improved by having 12 profiles instead of 10. 
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Fig. 1. Comparison of 4-D reconstruction, 2-D reconstructions, and slit- and- collector measurements. Figures 1 A, lB, 
and 1C are 2-D projections of the reconstructed 4-D distribution. The reconstructions in Figs. 1D and 1E were 
obtained with 2-D reconstruction algorithms. Figures 1F. and 1G are the horizontal and vertical emittance distri- 
butlons measured directly with slit- and- collector instrumentation. 
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