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Abstract
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Following a method used in plasma physics ,
a Fourier-Hermite transform is attempted to solve the
linearized Vlasov-Poisson equation for small fluctua-
tions of a stationary beam. This expansion method is
well fitted to the case of a maxwellian beam confined
by linear external forces. As a first approximation,
if one retains only the linear part of the space char-
ge forces, the eigenmodes for the small beam oscilla-
tions are found in a straightforward way. The associa-
ted eigenfrequencies are the roots of a 3-diagonal
determinant. The spectrum involves only real and dis-
crete eigenfrequencies, and is similar to the spectrum
of a beam with uniform density in real space ¢ or in
phase space

We consider a one dimensional proton beam
with uniform longitudinal velocity and one degree of
freedom in the transverse direction. The particles
are focused by a linear external force acting against
the electric self-force and obey single particle

equations such as
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Then the Vlasov-Poisson equation for the beam density
f(x,u,t) in phase space has the following form
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Here mp =Ta 1is the central plasma frequency (x=0)
o
provided that the central density in real space equals
unity. The stationary solutions of Eqs (2) are arbi-
trary functions F of the energy
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The stationary maxwellian distribution of
interest is therefore

F(W) = exp (~2W) > (4)
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while the stationary density Fo(x) in real space is
determined by the following equations, as a result of
Eqs (2,3,4) :
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An increasing space—charge intensity shifts the real
density Fo(x) more and more away from a gaussian
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configuration. As a consequence the non-linear part of
the self-force causes a spread y(W) of the particle fre-
quencies along the trajectories W = constant in phase
space. Infinitely small amplitude oscillations have

the limiting frequency
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I. The linearized Vlasov-Poisson equation

Assuming now that the density f(x,u,t) allows
small time dependent fluctuations g around the statio-
nary distribution F such as

f(x,u,t) = FW) (1 + g(x,u)exp(jwt))

and
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e(x) + E(x,t) = 3 f(x,u,t)du ,
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the linearized Vlasov-Poisson Eq.
written as

(2) for g may be
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In Eq. (8) the Poisson equation for the electric field

perturbation E has been replaced by the Maxwell equa-
tion

Y+m
JwE - Fgudu . (9
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The w are eigenfrequencies to be found, and
The w eigenfrequencies te be found, and
for that purpose we look for solutions of Eq. (8,9)

having the form of an Hermite polynomial expansion :
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with the orthogonality relation
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Multiplying Eq. (8) by exp (—uz)Hk(u), and integrating

over the velocity space yields an infinite system of
coupled equations for g ¢
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After a substitution of 2, from Eq. for k = O into the

Eq. for k = I, the low crder equaticns (11) become
finally
k =0
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These are the exact linearized equations for g where

all space charge effects are now included in the uni-
oW
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put severe constraints on the forces.

1I. Linear space charge contribution to the modes

Keeping only the linear part of the

self-forces, one has
W 2 2 _ 2 ,
= (vo »p)x = 7% (14)

In that case a cut-off of the infinite system of Eq.
(13) above the order k = m % | occurs as a consequence
of the existence of polynomial soluticnssuch as

0,1,...m (15)
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The differential system (12) becomes algebraic and
takes the form
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Unfortunately, elementary solutions
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The eigenfrequencies up to order m are therefore the
roots of

iMm‘\ = DET f_bim‘_ = 0 s (7
and looking at the space charge contribution to the
modes, Eq. (17) separates according to

2
M + 2 M o= 00 , {18)
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where TM‘W} is the determinant of the matrix between

dashed brackets in (16) for m » 2, and 1M‘l‘ = 1.

Finaly the eigenfrequencies .. are defined as the roots
of
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Eq. (19) gives one eigenfrequency with
m= 1,2, two with m = 3,4, three with m = 5,6, etc, and

they are usually labelled wens BT m,m-2,m~4, ...

(n is the azimuthal harmonic number and m the radial
node number of the mode in phase space). The first
The

s : , . 2, 2
wéﬂ are shown in Figure | in terms of wp/v .
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associated eigenfunctions for small perturbations up
to order m are
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IIT. Low beam intensities

are
mnn

only slightly shifted up from the harmonic frequencles
a and have approximately the form

In this casethe eigenfrequencies .
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(v is the maximum frequency spread between central

and external trajectories in phase plane). The solution



of Eq. (19) to first order with respect to Avu/v gives

2
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We notice that all eigenfrequencies with
the same harmonic number n are clustered between nv

and nv + ﬁ% (Figure 2). The first order frequency

shift (22,23) agrees with the perturbation theory,
which is connected with the orthogonality of the modes,
and the associated eigenfunctions (21) become Laguerre
solyromials as a function of the radius in phase-

space .

Conclusion
For practiéal low beam intensities (w§<<v§)

the eigenfrequency shifts from harmonics nv, due to
linear space charge effects, are of some importance
fcr the lower modes only. One has for instance a rigid

dipole mode with the unperturbed frequency W= v,

independent cf intensity, probably also unaffected by
the nen-linear space charge and undamped according to
the first-moment equations. But more generally, it is
thought that the non-linear space charge forces interact
with the above mcdes and determine a more realistic
behaviour of oscillating beams. Standard methods 6 are
attempted at present, as well as a numerical simulation
of the oscillating modes for comparison, so as to esti-
mate the stability of the lower modes.

References

F.C. Grant, H.R. Feix : The Phys. of Fluids 10,4, pa-

ge 696 (1967)

2. F.J. Sacherer : "Transverse space charge affects in
circular accelerators™, (Thesis). UCRL - 18454 (1968)

(=)

D.C. de Packh. J. Electron Control, 13, 417 (1962)
.B. Ehrman. Plasma Physics 8, 377, (1966}

4. C. Besnler : CERN/MPS/LIN 72-8

5. F.J. Sacherer : Private communication

bunched-beam

Acknowledgments

I am indebted to Prof. E. Regenstreif (Uni-
cv of Fernes) and to Drs €.3. Tayler and F.J.
ccer {CERY) for many helpful discussions.

884

(g

o

L o wz/v2
p o

Linear space charge contribution to the
low-order eigenfrequencies m

.
g 4

3v o+ Au/3

m = 3
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