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Summary 

A l?O-!JHz cavity and RF system were built to mod- 
ulate the beam energy of the Astron electron acceler- 
ator bv +S%. The beam pulse has a rise time of 20 ns 
which initiates a transient in the cavity. We designed 
the cavity to limit the transient voltage in order to 
avoid sparking. The excitation problem was studied 
both experimentally and theoretically. We established 
design criteria that allowed us to couple an RF cavity 
to a high-current beam as easily as to the low-current 
beams of the usual research accelerators. 

Introduction 

The Beam Research Program at the Laboratory 
achieved a bunched high current beam from the Astron 
Accelerator with a frequency of 120 MHz. Since the 
beam particles were highly relativistic at 6 WeV, and 
the current was high (700 A) we had a unique opportu- 
nity to experimentally study the interaction between a 
beam and an RF cavity. A simplified sketch of the 
cavity with the critical dimensions is shown in Fig. 1. 
The cavity is a foreshortened quarter-wave TEM mode 
coaxial resonator. The beam pipe extends into the high 
voltage region of the cavity where momentum modulation 
takes place. ‘The high current end of the cavity is 
movable and provides coarse tuning. Fine tuning is 
provided by a movable plunger near the shorted end of 
the cavity. It has a tuning range of SO0 kHz. In 
normal operation the cavity is driven by a 250-kW RF 
amplifier. 

Theory 

Passing a beam of particles through an RF cavity 
excites electromagnetic fields in the cavity. The 
eigznmodes cf the cavity offer a sonvenient nethod for 
investigating the particles effect theoretically. We 
will outline this nethod briefly. 

ia I;\ i,=:l :t,e .b~iiui rl;ientla: of an -$zzrr.cdc !:y .:%,,., , 
a vector function that sntisfies the Ilelmholtz equation 

-- -‘. 
'i Ai(?) + (oL/Cj2Ae(F) = 0, (11 

tihere tit is the eigenfrcquency of the mode and c is the 
speed of light. lie use Gaussian units for the calcula- 
tion, but t:ne rcsultj will be converted to prnctical 
units. The vectors ,& satisfy ,*x, = G and the nor- 
inaljzation condition 

/ 
i;;‘.$ dv = 4rc2~3,!;:, . (‘I 

In Eq. (2) the integral extends oYer the volume of the 
cavity. The subscript j! in general represents the 
three -lode numbers necessary to characterize the mode. 
For purposes of this calculation, ye can ignore holes 
in ri,e cavity, ill i:;ir?icuiar the hole through tihlci: the 
be :m p 3 s s e s . We may Then consider the walls of the 
cavity to be perfectly conducting, so that the tangen- 
tial component of x:, is zero on the walls. The effects 
of large but finite conductivity in the wall material 
:+111 be inclilcled s.Jhsequcntly. 
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Fig. 1. Sinplified repr’ssentation of a I,lO-!Wz cavity 
with critical dimensions noted. 

The vector potential )i(?,t) inside the cavity ~nay 
be expressed as 

i(;,t) = c q2. (t:G,ir:, 
.i 

(3) 

where the sum extends over all three mode numbers. we 
repreLent t:le pal-title bc;lm by a surrent -lcr.sit)* j(F,t) . 
The time dependent coefficients q;(t) o’bey the equation 

-----+ 
dtL 

Provided cnly one mode of the cavity is excited npprcci- 
ably, the fini.tr: conductivity of the bcalls may be 
included by adding a term (zL/Qj dqlt/dt to the left 
side of Eq. (dj, vherr 0 is the usual ounlity factor c,f 
the mode. 

We now find an approximate csprrssion [or the Iz;i- 
est mode of the cavity show1 in Fig. 1. This mode is 
azimuthally synmetric. In the regicn 0 ‘: I <: h, 
O<r (’ h, the olectris fielii is in the :~xial rz; 

* 
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direction and is a function of r only. In this region 
the field components of the lowest mode are given 
approximately by 

E_ = CIJob~l > Be = iClJ1 (p-r), (5) 

where JO and Jl are the zero and first order Bessel 
functions and Cl and 3 dre constants. In writing 
Eq. (5) we have assumed a time dependence e-iot. In 
Gaussian units c = -(l/c) >;\j3t. In the region 
-& < z <: G, b < r < d, the field components are given 
approximately by 

Er = (C,/r) sin p (z + il), 

Be = i(C,/r) cos p (z + L), (61 

with C2 another constant. We now do slight violence 
to Maxwell’s equations by matching the wall current, or 
Be, and the voltage at r = b, z = 0. We have 

CIJl(pb) = (C/b) cos ST, (73) 

and 

hCIJO(pb) = C2 In (d/b) sin pk. WI 

The approximations inherent in Eqs. (7a) and (7b) com- 
pletely neglect the details of the fields at the corner, 
but the approximation is quite good for a description 
of the lowest mode, provided (d - b)/b << 1, and 
h/b <cl. 

The eigenfrequency “1 of the lowest mode is cc, 
where o is found by solving the equation 

h .Jo(cb) 
- - = In (d/b) tan ~9,. 
b J1(ob) (8) 

For the parameters of the l?O-MHz cavity, we find 
pb = 1.05. Once the value of p is found, the ratio 
Cl/C2 may be calculated from Eq. (7a). The vector 
function .x1(p) is then found to be 

J,(pr)~, 

X1(?) = N 

! 

O<Z<h,O<r<b 

(91 

; ‘J1 CF~,) 
sin o(Z + II) .+ 

cos p.t r, -!L < Z i 0, 

i b < r < d. 

The normalization constant N is found from Eq. (?), and 
is giv-en by 

?i 2 = .: (C/‘jJj 2 
+ J+) 1 + 2 In (d/‘b) 

(10) 

From the parameters in Fig. 1 we find 

N 2 -2 -1 = U.d(.c/‘bj cm 
-2 

SEC . (111 

Ive take the current density :(?,t) to be 3 given 
function unaffected by the cavity voltage. This is an 
excellent ap>roxirnation to the current density of the 
;-Llatii.istii ~5-:~lel’ kinetic enorgyj electron ibear.. 
f~urtllor::!orc we can n$:glect the variation of il .3v~xr 
tlic lxu:: crckss section-and write 

5iG.t; = i(t) ,3(r) f,/nr, [12) 

where J it) is the total tine dcpondcnt beam current, 
cising Eqs. (9) and (12) in Eq. ('4; we obtain 

;i, ,2 
+ %ql = NhI(t)/c. (13) 

We define t = 0 to be the time at which the head of the 
beam enters the cavity. With the initial condition 
ql = 0 and 41 = 0 at t = 0, the solution to Eq. (13) is 

I;t’) sin ul(t - t’) dt’. (11) 

Kate that the finite Q of the mode has been neglected 
in Eqs. (15) and (14). This is a valid approximation 
for times such that t << Q/wl, a condition well satis- 
fied for times t - 300 nsec, which is the duration of 
the beam. 

The electric field at r = 0 is E, = -{lN,/c and the 
voltage Vl across the gap is hE,, so that 

I(t’) cos ul(t - t’) dt’.(lS) 

This expression is most easily evaluated for a step 
function current I(t) = IO - (t), which yields the 
result 

v,(t) = - J$ ( > ’ 0 sin w t 
Y 1 . (16) 

We introduce the surge impedance 30 of the mode by the 
definition 

1 Nh 

( > 
2 

z 0-T c (17) 

Inserting Eq. (11) into Eq. (17) we find (in these units) 
ZO = 1.75 X lo-l1 set/cm, which is equivalent to 
15.75 R. (Multiply the number of cgs units by 
9 x lo11 to obtain the number of ohms.) 

Equation (16) is valid as long as the rise time 
of the current is much less than a period of oscilla- 
tion, Z’r/ol. This condition is not satisfied in the 
practical circumstance, where the rise time of the 
current is about IO ns. 
with time to a value IO 

For a current rising linearly 
at t = T and constant in time 

for t > T, we find from Eq. (15) for t > ? 

vi(t) = - 2 sin (w-rr/2) 
UT ZoIO sin iu(t - T/?). (18) 

The passage of the tail of the beam will induce 
additional voltage, which may add constructively or 
destructively to that induced by the head of the beam, 
depending on the length of the pulse. Some voltage is 
left after the tail. passes, and this voltage then 
decays with the usual time constant 2Q/+. 

Equation 18 shows that the transient voltage ?rc- 
d:uced for the linear ram p is the same as that for the 
step function except that the former is multiplied by 
a sinx/x function. This has a magnitude between 0 and 
1 depending upon the duration of the ramp with respect 
to the period of the resonant cavity. The computed 
value for the case of a step function with R 700-A 
beam is 10.8 kV. For a similar beam with a IO-ns ramp 
the voltage i.s 1.73 k’j. 

Another method of analysis, based on transmission 
line theory, 
laboriously. 

yields a result which can be computed less 
First, we calculate the equivalent 

inductance of the coaxial portion of the resonator. 
Second, we find the equivalent capacitance necessary to 
FrodUCC resonance at the desired frequency. Than we 
11se the methods of ,circ-it analysis to c.ilcdi;r’ic thi: 
transient voltage at this poi.nt. The transient is 
then referred to the gap voltage by using the fact 
that the fields vary as Jo(br) 
of the resonator. 

in the radial portion 
To state this formally, we calculate 

the equivalent inductance of the coaxial portion of the 
resonator. 
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L -01 
eq 

= r tan ii, 
1 

w 
where :01 

d = 136 log g and S = -$ . (19) 

The equivalent shunt capacitance at this point is 

1 
C 

eq 
= yj----. (‘0) 

“; Leq 

The surge impedance at this point is 

The transient voltage developed across the inductor 
by the beam current, assuming a step function, can be 
obtained by equating the energy stored in the capaci- 
tance to that in the inductance: 

r 

$c eq ‘/1t 
2 =iL Leq 

eq 
1;. IfZ0= c 

eq 

then V It = z. Ib. (22) 

If the fields in the radial part of the resonator vary 
as JO(&) then the transient voltage at the gap is 

vt = ~$&J = $g$y. (23) 

or a 700-k step function beam, Eq. (23) gives a value 
of 14.1 kV. 

Experimental Results 

Figure 2a shows an oscilloscope trace of the tran- 
sient produced in the cavity by a 340-A beam. It has 
an amplitude of 4.7; kV which scales to 9.8 kV at 
700 A. This compares very well with 10.8 kV, the 
result calculated from field theory for a step function 
beam. 

Figure 2b shows the leading edge of the actual 
beam current. It is clear from this figure that the 
linear ramp approximation is not good for t!lis partic- 
ular current waveform so far as the frequency spectral 
components are ccnccrncd. If it is 3pproximated by 3 
linear ramp of 20-ns duration, we find that the sinx/x 
function is 0.126, a value which is much too low to 
d.ccuuiit lOi- ii:2 ?;ipCrl?.CRt31 ZbZer’wr3tilR. ‘TFpe :rpc- 
tral ccmponents exciting the cavity mst 5, determined 
orinarily by the initial steep rise shown in Fig. 2b. 
it is clear that the excitation of the cav;ty depends, 
in an impzrtant way, upon the exact character of the 
leading edge of the beam pulse and that it is not 
easilv 3pprosimateJ. However, it will always be less 
than that :~odiic,cd !>y a step function beam. Of course, 
a similar trnnslent is produced by the trailing edge 
o:l the bean and exactly the same situation applies. 
l‘he proi>cr riult:plyina function could Se obtained hy :i 
computer :.nnlysis using points obtained from Fig. 2:), 
but this \#ould only be of academic intorest because 
the chAaracter of the leading edge of the beam varies 
hec.1usc of the frcqJor. i tuning of the accelerator. 

The trailin: edge of the beam is sho:vn in Fig. IC 

and the decay of the transients after the beam pulse 
I 1 -0 i Lg. 22. ‘p; .z 1.1ttcr i;i:T.p!y ci!r!ic t‘?:It te!if? t-ran- 

sients decay in accordance with the Q of the resonator. 

Conclusion 

The : 0 1 tage tr;insicnt produced hy a ::tcp furction 
beam current has been derived by field theory and by 
tr,1nsnission line theory. The results differ in the 

a 

Fig. 2. 

d 

Oscilloscope traces of beam current and RF 
transients. (a) A l?O-MHz transient produced 
by a 340-A beam. The ordinate is 2.38 kV per 
division, the abscissa 10 ns per division. 
(b) The leading edge of the beam pulse pro- 
ducing the transient shown in Fig. 2a. The 
ordinate is 75.5 A per division, the abscissa 
10 ns per division. (c) The trailing edge of 
the beam pulse producing the transient shopm 
in Fig. 2a. The scales are the same as for 
Fig. 20. (d) The decay of the transient 
following the beam pulse. The ordinate is 
about 1.9 kV per division, the abscissa 50 ns 
per division. The transient decays according 
to the resonator Q prediction. 

two cases because of the different approximations th.at 
were made in the derivations. If the beam has a 
linearly rising leading edge, a coefficient is intro- 
duced of the form sinx/x in which x = 1+r/2, where T 
is the rise time of the leading edge. Our experimental 
measurements indicate that the leading and trailing 
beam edges are not well represented Iby linear ramp 
approximations. In general, the linear ramp produces 
,*n estimate of the transient !.v!:ic!l is rnUC!l tc,o 1O’d. I II 
the Astron induction linear accelerator the charncter- 
istic of t:le leading and trailing beam edges is a 
function of the way the accelerator is tuned. ice do 
kno;i that the sire of ths transient will lie ‘?etwecn 
that given by the linear ramp a~prosimation ;is J 
minimum and that indicated by the step function as a 
ma i mum . For many cases this is sufficlcnt. 

In the particular application for which this cavit:. 
was designed, it was desirable to minimize the R? 
transient so that the r,omcntum modulation of the bean 
would be independent oi‘ the beam current. ‘i‘here are 
other cases !~rhere esc itation of the cavity by ths beam 
might be dcsircd. Fcr es,uiiple, an aicelcrator lias !,cvn 
described1 in which the RF cavities arc excited iby the 
leading edge of the beam, :.~r.d the fields thus :)r:Juceil 
arti used to .iscelerzte the f3llo:clng electrons. 
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