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Definition of FFA
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Fixed  Field  alternating  gradient  Accelerator

Static field
like cyclotrons

Strong focusing
like synchrotrons

Classification according to how the beam is focused, 
not how it is accelerated.

(historically FFAG) 
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FFA classification
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chromatic

Frequency
swing0

Horizontal & vertical 
scaling FFA

Linear 
non-scaling FFA

FFA 
cyclotron

CW non-scaling FFA
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FFAs in the 1950s-1960s
First FFAs (electron) built in MURA 

(Midwestern Universities Research Association).

With high rf voltages, we observed stochastic phenom-

ena near the boundaries of a bucket, as shown in Figure 7.

On the hypothesis that stochastic phenomena occur when

bucket boundaries overlap, we ran a case with two nearby

rf frequencies with voltages such that the predicted buck-

ets would overlap. The results in Figure 8 give totally

chaotic orbits. The solid curves are the predicted bucket

boundaries.

Figure 7: Stochastic behavior near bucket boundary

Figure 8: Scattered orbits in two overlapping buckets

COLLIDING BEAMS
The center-of-mass energy for a collision of a particle

of relativistic energy E with a stationary particle is pro-

portional to E1/2.  This suggests the energy advantage in

letting two equal energy particles collide, in which case

the center-of-mass energy is the sum of the energies of the

colliding particles. For example, two 15 GeV protons col-

liding head-on produce a center-of-mass energy of 30

GeV. A single proton hitting a stationary proton would

have to have  an energy of 450 GeV to produce the same

center-of-mass energy.

Unfortunately the cross sections are such that the event

rate for accelerator beams achievable up to that time

would be impractically low. It was Kerst who observed

that with the intensity achievable with stacked beams,

colliding beam experiments become practical.2

I remember being invited to give a colloquium on this

subject at the University of Illinois. When I mentioned

colliding beams, the audience burst out laughing. I was

somewhat taken aback until I learned later that the week

before professors Kerst and Kruger had shot pea shooters

at each other from opposite sides of the stage.

50 MEV MODEL
A 50 MeV electron model was constructed which first

operated in 1961. (See Figure 9.) It was a radial sector

machine with two identical magnets in each sector, with

oppositely directed magnetic fields. It was first pointed

out by Ohkawa that particles in such a machine can cir-

culate in  either direction, and that the orbits are closed

because they are at larger radii in the positive magnets.

This configuration would allow colliding beams in a sin-

gle machine. However the ratio of circumference to that

for a uniform field is about 8.

Figure 9: 50 MeV Model

The machine was successfully operated in the two-way

mode. However most of the experiments were performed

in a one-way mode with one of each pair of magnets ex-

cited to a higher field than the other. In case we had trou-

ble crossing the transition energy at 1.13 MeV, betatron

cores were installed; they can be seen in the figure. How-

ever we were able to accelerate over the transition energy

with the rf cavity, so most experiments were carried out

using rf buckets from the injection energy (100 keV).  The

green cavity on the right powers the rf accelerating gap.

We had to make up for radiation loss of a few volts per

turn in the stacked beam.  Due to its energy spread, we

would have had to use a high voltage on an accelerating

gap in order to trap the stacked beam in a bucket. We

therefore chose to make up the radiation loss by phase

displacement, using a low voltage supplied by the red

cavity on the left. Its frequency was modulated so as to

455

Proceedings of the 2003 Particle Accelerator Conference

Mark II at MURA 

Mark III at MURA 

Mark V at MURA 
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Cyclotrons benefitted from spiral sectors to go to 
higher energies.

FFA cyclotrons

PSI cyclotron
590 MeV proton 

TRIUMF cyclotron
520 MeV H- 
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FFA synchrotrons

!8

World First 
Proton FFAG Accelerator

• PoP(proof-of-principle)  FFAG :KEK  2000  

Revival in 2000s in Japan.

POP at KEK

ERIT/MERIT at Kyoto University

ADS complex at Kyoto University
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FFA synchrotrons
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In Europe

EMMA in pictures

rf cavity D-QUAD

F-QUAD

Ion
Pump

11

Results from EMMA

S. Machida et. al., Nature Physics 8, 243–247 (2012)

No beam ‘blowup’ despite resonance crossing

Orbit and 
tune shift 
with 
momentum 18

•  The magnet has been built by SIGMAPHIThe magnet has been built by SIGMAPHI

EMMA at Daresbury Lab, UK
RACCAM project, France
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FFA synchrotrons
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Spallation neutron source

Major upgrade of ISIS in the UK planned, with 
the FFA option considered.

An FFA test ring is planned at RAL to 
demonstrate the capability of the FFA to deliver a 
high-power and short pulse proton beam for 
spallation neutrons. 
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FFA arcs for ERL
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In the USA

CBETA at Cornell University

❌
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Simulation codes
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Synchrotron codes assuming a central orbit independent 
of momentum are unsuitable.

Several codes are available to model FFAs:

OPAL,
Zgoubi,
SCODE,
MUON1,
FIXFIELD,
FROM-ORBIT,
etc.
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DF Spiral
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Spiral FFA (cyclotrons and synchrotrons) usually 
consists only of 1 type of magnet to have a small 
circumference, but have very limited control over 
dynamics. 

➞ DF spiral cell: compromise between machine 
circumference size and tune flexibility.

Useful in high intensity machines!
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DF Spiral
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Additional features for high intensity: 
supersymmetry multiple of 5,
Comparable horizontal and

vertical tunes 

Kinetic energy 0.4 - 1.2 GeV
Reference radius 24 m
Number of cells 25
Packing factor 0.35
Straight section 3.58 m
Spiral angle 62 deg
k-index 20.6
Ratio Bd/Bf strength -0.443
Orbit excursion 0.8 m
Cell tune (H, V) (0.2073, 0.2098)
Ring tune (H, V) (5.18, 5.24)
Transition gamma 4.6

<latexit sha1_base64="EtAdy8rpRcKZQtnpXSfh9pYaWlM="></latexit>

Example: Upgrade of ISIS
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Tilted sector
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Spiral magnet complex to 
manufacture, especially for 
superconducting design

➞ Tilted sector magnet to 
retain edge focussing with 
easier manufacturing shape 
(easier to arrange 
rectangular elements in 
drift spaces)
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Vertical excursion FFA
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Vertical excursion FFA considered in 1955 as an ”Electron Cyclotron”, 
rediscovered recently.

Advantages:

 Quasi-isochronicity for relativistic particles,

 Infinite transition energy,

 Orbit radius independent of momentum, like synchrotrons,

 Geometrical arrangement of the lattice footprint independent of 
the scaling condition, unlike in horizontal scaling FFA,

 Rectangular shape for the main magnets and the coil geometry is 
simpler compared to the spiral magnet of horizontal FFA. 
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Vertical excursion FFA
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To keep the transverse linearised equations of motion 
independent of momentum, the field must follow

B = B0e
m(v�v0)

<latexit sha1_base64="moVd/oANZg2xDoc2PpGD5/B8BoU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHqwpJplU4XQqkblxXsA9o6ZNJMG5p5kGSKZZhfceNCEbf+iDv/xvQhqOiBC4dz7uXee9yIM6kQ+jBWVtfWNzYzW9ntnd29ffMg15JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3w189sTKiQLg1s1jWjfx8OAeYxgpSXHzNUv6w6C9C7xC5OziYNOU8fMo2LVtkrVEtSkUr6w7BmxK1YZQauI5siDJRqO+d4bhCT2aaAIx1J2LRSpfoKFYoTTNNuLJY0wGeMh7WoaYJ/KfjK/PYUnWhlALxS6AgXn6veJBPtSTn1Xd/pYjeRvbyb+5XVj5dn9hAVRrGhAFou8mEMVwlkQcMAEJYpPNcFEMH0rJCMsMFE6rqwO4etT+D9plYpWuVi6Oc/X7GUcGXAEjkEBWKACauAaNEATEHAPHsATeDZS49F4MV4XrSvGcuYQ/IDx9gk+CpNG</latexit>

m =
1

B

dB

dv
<latexit sha1_base64="VUdDOlpWrA+gY1Wav07/osb3/Dg=">AAACB3icdZDLSsNAFIYnXmu9RV0KMlgEVyFplaYLpdSNywr2Am0ok8mkHTq5MDMplJCdG1/FjQtF3PoK7nwbJ20FFT0ww8f/n8PM+d2YUSFN80NbWl5ZXVsvbBQ3t7Z3dvW9/baIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuOOr3O9MCBc0Cm/lNCZOgIYh9SlGUkkD/SiAF7Dvc4RTK0sb2Rw92MjUNckGesk0arZVrpWhgmrl3LJzsKtWxYSWYc6qBBbVHOjvfS/CSUBCiRkSomeZsXRSxCXFjGTFfiJIjPAYDUlPYYgCIpx0tkcGT5TiQT/i6oQSztTvEykKhJgGruoMkByJ314u/uX1EunbTkrDOJEkxPOH/IRBGcE8FOhRTrBkUwUIc6r+CvEIqSSkiq6oQvjaFP4P7bJhVYzyzVmpfrmIowAOwTE4BRaogjq4Bk3QAhjcgQfwBJ61e+1Re9Fe561L2mLmAPwo7e0TiRaZIA==</latexit>

with the vertical normalised field gradient.

⚠ since m is a vertical gradient, there is coupling 
between horizontal and vertical plane.
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In the mid-plane (h = h0):

with m the constant normalised field gradient, and     the 
arbitrary fringe field function (tanh here).

From                       

Because of the field symmetry,

Rectangular Field model

!20

Cartesian coordinates (h,v,l)

⇣��!
curl

�!
B
⌘

h
= 0

<latexit sha1_base64="WSOgxVsGJC1zXNdFk1nIaOx1QXU="></latexit>

Bv(h0, v, l) = B0e
m(v�v0)F(l)

<latexit sha1_base64="6zolvcL63Obe6N1VzCnCYxrRi0I="></latexit>

Bl(h0, v, l) =

Z

v

@Bv

@l
dv = B0F 0(l)

✓
em(v�v0)

m
+ g(l)

◆

<latexit sha1_base64="sAQhDp4Y5RoR652IOeRRJgx1w/U="></latexit>

with g(l) an arbitrary function independent of v, must 
be 0 to keep the invariance of the closed orbits with 
momentum.

Bl(h0, v, l) =
B0

m
em(v�v0)F 0(l)

<latexit sha1_base64="X+vpls0lBjIEdcje2k2nZK4eRi0="></latexit>

Bh(h0, v, l) = 0
<latexit sha1_base64="kf+9/V7rwEq8m22ncFP2H+Zq5YE=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0WoUEKSKk0XStGNywq2FtoYJtNJM3TyYGZSKaX/4caFIm79F3f+jZO2gooeuHA4517uvcdLGBXSMD603NLyyupafr2wsbm1vVPc3WuLOOWYtHDMYt7xkCCMRqQlqWSkk3CCQo+RW294mfm3I8IFjaMbOU6IE6JBRH2KkVTS3YUblAPXqIwq7PjMcIslQ6/bplW3oCK16qlpZ8SumVUDmroxQwks0HSL771+jNOQRBIzJETXNBLpTBCXFDMyLfRSQRKEh2hAuopGKCTCmcyunsIjpfShH3NVkYQz9fvEBIVCjENPdYZIBuK3l4l/ed1U+rYzoVGSShLh+SI/ZVDGMIsA9iknWLKxIghzqm6FOEAcYamCKqgQvj6F/5O2pZtV3bo+KTXOF3HkwQE4BGVgghpogCvQBC2AAQcP4Ak8a/fao/aivc5bc9piZh/8gPb2CbYWkVo=</latexit>

F
<latexit sha1_base64="NZrLb7ZD/Jq127n8SwexW8XuTwE=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8xU6XQjBUFcVrAPmA4lk2ba0EwyJBmhDP0MNy4UcevXuPNvzLQVVPRA4HDOveTcE6WMKu04H9bK6tr6xmZpq7y9s7u3Xzk47CiRSUzaWDAhexFShFFO2ppqRnqpJCiJGOlGk6vC794Tqajgd3qakjBBI05jipE2UtBPkB5jxPLr2aBSdeyG73oNDxpSr124fkH8ultzoGs7c1TBEq1B5b0/FDhLCNeYIaUC10l1mCOpKWZkVu5niqQIT9CIBIZylBAV5vPIM3hqlCGMhTSPazhXv2/kKFFqmkRmsoiofnuF+JcXZDr2w5zyNNOE48VHccagFrC4Hw6pJFizqSEIS2qyQjxGEmFtWiqbEr4uhf+Tjme7Ndu7Pa82L5d1lMAxOAFnwAV10AQ3oAXaAAMBHsATeLa09Wi9WK+L0RVruXMEfsB6+wT9fZG4</latexit>
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In the mid-plane (h = h0)
with m the constant normalised 
field gradient,     the fringe field
 function (tanh in the models)

F
<latexit sha1_base64="NZrLb7ZD/Jq127n8SwexW8XuTwE=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXw8xU6XQjBUFcVrAPmA4lk2ba0EwyJBmhDP0MNy4UcevXuPNvzLQVVPRA4HDOveTcE6WMKu04H9bK6tr6xmZpq7y9s7u3Xzk47CiRSUzaWDAhexFShFFO2ppqRnqpJCiJGOlGk6vC794Tqajgd3qakjBBI05jipE2UtBPkB5jxPLr2aBSdeyG73oNDxpSr124fkH8ultzoGs7c1TBEq1B5b0/FDhLCNeYIaUC10l1mCOpKWZkVu5niqQIT9CIBIZylBAV5vPIM3hqlCGMhTSPazhXv2/kKFFqmkRmsoiofnuF+JcXZDr2w5zyNNOE48VHccagFrC4Hw6pJFizqSEIS2qyQjxGEmFtWiqbEr4uhf+Tjme7Ndu7Pa82L5d1lMAxOAFnwAV10AQ3oAXaAAMBHsATeLa09Wi9WK+L0RVruXMEfsB6+wT9fZG4</latexit>

Off mid-plane extrapolation components  from 
Maxwell equations:
8
>>>>>>>><

>>>>>>>>:

Bh(h, v, l) =
B0

m
em(v�v0)

X

i

Bhi(l)(h� h0)
i

Bv(h, v, l) = B0e
m(v�v0)

X

i

Bvi(l)(h� h0)
i

Bl(h, v, l) =
B0

m
em(v�v0)

X

i

Bli(l)(h� h0)
i

<latexit sha1_base64="xE8bKHY5s/zAJlyQV1GSwUtvCmo="></latexit>

8
>>><

>>>:

Bh0(h0, v, l) = 0

Bv0(h0, v, l) = B0e
m(v�v0)F(l)

Bl0(h0, v, l) =
B0

m
em(v�v0)F 0(l)

<latexit sha1_base64="8fSGPqxV8P87j/KzlZ+5u2UkDa4=">AAACmXicdZFdi9QwFIbT+rXWr1HBm70JDuoMrCWdUWYWVNYVl8WrFZ3dhclY0jSdhk3TkqSFIfQ/+Vu889+Yzo4yK3og8PKePOTkPUkluDYI/fT8a9dv3Ly1czu4c/fe/Qe9h49OdVkryma0FKU6T4hmgks2M9wIdl4pRopEsLPk4kPXP2uY0ryUX82qYouCLCXPOCXGWXHvOxYsM9hCnLAll5YIvpQsbYPnh7HNUTvIY7TX7I nhW4Tx2my2zcMYQfbNFoPmZROjYYsLYnJKhD1qB2K4IcQ2gTNFqHVca4v2Cgu34BeODjCT6Z+BIFZ8mZsw7vVRuD+NRvsj6MRk/DqadmI6icYIRiFaVx9s6iTu/cBpSeuCSUMF0XoeocosLFGGU8HaANeaVYRekCWbOylJwfTCrpNt4TPnpDArlTvSwLW7TVhSaL0qEnezG17/3evMf/XmtcmmC8tlVRsm6eVDWS2gKWG3JphyxagRKycIVdzNCmlOXHTGLTNwIfz+Kfy/OB2F0TgcfX7VP3i3iWMH7IKnYAAiMAEH4BicgBmg3hPvjffRO/J3/ff+sf/p8qrvbZjH4Er5X34BIWrGgA==</latexit>

Cartesian coordinates (h,v,l)
Rectangular Field model (2)
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VFFA lattice parameters
3 key parameters in the case of rectangular magnets:

Normalised field gradient m,
F/D strength ratio,
Magnet position in the radial direction ys.

m=1.2 m-1 m=1.6 m-1 m=2.0 m-1
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Example: ISIS test ring

Kinetic energy 3 - 12 MeV
Reference radius 3.9789 m
Number of cells 10
Packing factor 0.32
Straight section 1.0 m (long), 0.5 m (short)
m-index 1.6 m�1

Ratio Bd/Bf strength -0.47
Orbit excursion 0.4 m
Cell tune (H, V) (0.19, 0.16)
Transition gamma infinite

<latexit sha1_base64="yCNgS9cgNmoRD5EKcpHQrrtqpI0="></latexit>
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FFAs have contributed to the cyclotron community for a long 
time, and continue to do it to this day:

Spiral shape to give vertical stability at high energy,

Addition of a reverse bend to the spiral geometry to 
increase control on dynamics,

Tilted sector geometry for easier superconducting 
manufacturing at high energy,

Isochronous acceleration of relativistic particles with 
vertical FFA.

Summary


