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Abstract electron sources, and in the absence of diffraction, while a

4th order Runge-Kutta method simultaneously drives the

A new unaveraged 3D parallelized numerical model h""(?Iectrons. When parallelized using MPI, the model re-

been developed that will allow investigation of previouslyql#rires communication between three separate data sets dis-

unexplo_red FEL physics. Unave_rgge_d models are requIrefibuted over multiple processors with each integratiepst
to describe such effects as amplification of Coherent SPOYt the code. The amount of communication between pro-

taneous Emission and non-localised electron dynamics (s Essors should be kept to a minimum if the run-time of a

e.g. [1] and refs therein). A previous parallelized 3!:(is)rarallel code is to scale well with the number of proces-

model [2] was based upon a mixed f|'n|t.e glemgnt/Foun ors used, otherwise the run-time benefit of using multiple
method, however, there were some limitations in the pa

llel alaorith d ical " Th limitati grocessors can become significantly reduced [7].
aliel algonithm and numerical routines. ese IMNAloNS 10 model presented here replaces the FEGM of the

are removed in the new model presented here by using Ong%ove model with a Fourier method (using open-source

transforms in Fourier space enabling more effective data %FT routines [8]) similar to that described in [9]. The field

gﬁgxﬁ“(}lg?cerrosrig?zlgglrﬁ F)l‘;‘;a::lglf) rsozlfesr?sr?oagg ?tlii?;ds therefore now solved entirely in a 3D Fourier space. The
g 1arger, m plex y i thethod allows a reduction in communication between pro-
Furthermore, unlike the previous 3D model, which use d ai b i f th ime benefi
commercial numerical packages, the new simulation co eessprs and gives a etter scaling of the run-time benefit
LSes only Open-SoUrce routines ' with increasing processor number. Furthermore, the com-
Yy op ' mercial routines used for the FEGM are not needed, im-

proving portability and allowing an open-source code when
INTRODUCTION released.

As FEL's continue to push boundaries of radiation wave;, The model s also generalised to allow any undulator po-

length and pulse lengths, and with more complex FELansann from planar to helical, variable along the FEL

schemes to achieve these being explored, it may becor%erac“on'

necessary to extend the scope of what numerical FEL codes
can model. Most current codes average the equations gov- THEORETICAL MODEL

erning the FEL interaction over a radiation period and con- Starting from the 3D Maxwell wave equation and the
fine electrons to a localised region within one radiation pe-orentz force equation, the 3D FEL equations for an helical

riod of their initial conditions (in the electron beam restundulator in the scaled dimensionless form of [2] may be
frame.) To describe the FEL interaction at the sub-radiatiopyritten:

period scale, and to model electron migration over dis-
tances greater than the radiation period (non-localised), (32A 5’2A> N 0A . 9PA gl

) . — 4+ — == 42 =
numerical code that models the unaveraged equations gov- 0z2 + 0y? 0z + Zpaiaég AT %
erning the FEL interaction is required. 5 X Q,(cQ; +2)

A 1D non-averaged model describing both sub—perio? > pujelPr [ 5,5, 7)) (1)
phenomena and non-localised electron propagation h&§2 j=1 (1+1p1,[7)
previously been developed [1, 3, 4]. More recently a 3D,_ B 9 2 iae
(277} . _;i ( ’YTP) ) _tF2j ]
ie” 2 — eQ;Ae” 2 | —

parallel non-averaged model for a helical undulator was% =3,
developed in [2]. A substantially modified version of this “* P Gu
3D model, with significantly better parallel performance, i ae [Q;(2+€Q;) (7, — i7;)
. . w J J J J
presented in this paper. 307 A+ P) (1+Q,)?
The 3D FEL model of [2] uses a split-step Fourier / /
method [5]. This method separates a single numerical intdQ; _ Ow Qj(eQ; +2)
gration step, of the governing differential equations glon dz  4p 1+ [p,;|?
the undulator, into two separate half-steps. In the firs':<

)

[i(eQ; + V(e 5 — e+

half step a Fourier transform method is used to solve fo
the field diffracting in the absence of any electron source
terms. In the second half-step a Finite Element Galerkidz,

Method [6] is used to solve for the field being driven by the gz — Qj (4)

2 .
b ) €Q;(7, e H + ) 3)

Ay
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dz; Q;i(eQj+2), ,_ The alternative solution presented here utilises a Fourier
az \ 1 e Re(p;) ®) description of the field source term, similar to the muilti-
’ frequency FEL model of [9], so that the entire field equa-
dy; Q;(eQ; +2) _ tion may be solved in Fourier space. Fourier transform-
iz = - 7_21111(11&]‘ ) ®) . 10 ; 8) i
z 1+ |pyl ing (10) using (8) gives
e N
where§?(z;,9;, z2;) = 8(Z — 2;)8(7 — §;)8(22 — Z25) 0A _ S €Q;(eQ; +2)
and all variables are as defined in [2]. The only approxi- 9z  a,n, — + 14 |p“.|2
mations made are the neglect of space charge, the paraxial = )
approximation, and exp {—z‘(kwxj + kgy; + 225 (kz, — 2p))} (11)
OE | B. OE. _ _ _ -
— == | Equation (11) describes how the electrons drive the field in
0z 1-3, 02,

3D Fourier space and is relatively simple to solve numer-
ically. To obtain the field in real space, required for the

ation envelope. The latter approximation is made in [10 lectron dynamic equations of (2...6), the inverse trans-
pe. pp rm is all that is required and a finite element description

yvhere, expressed in the independent variapes; ), it of the field in real space is unnecessary.
is shown to be equivalent to the neglect of any backward

propagating field. Focussing of the electron beam is de-
scribed by the final term of (2) corresponding to the natYARIABLE UNDULATOR POLARISATION

ural focussing’ of an helical wiggler. This term is easily The general form of the radiation field definition and the
modified for other focussing systems. _ _equation describing its evolution allows any field polarisa
The field equation (1) is solved using the Fourier splityio 1o be modelled. A relatively simple modification to the
step method by seperating it into diffraction-only and,nqyjator field then allows modelling of an elliptically po-
source-only parts. For diffraction only in the absence Ofyrised FEL. The transverse terms of the magnetic wiggler

where | = goe*i% and¢y(z, z2) is the complex radi-

sources the field equation is field are re-defined as:
0*A  0%A 0A 0%A B 2
—ip( S+ o |+ = 4 2ipoa— =0 (7 = ZY(fe "% +coc
v (6962 - 8y2> 9z + " 9z0% 0 By ﬂ(fe +ec), 12)
Defining the 3D Fourier transform where the new basis vectdr = (Hx + iy)/v/2 and the

- - S constantHd has limits0 < H < 1, whereH = 1 cor-
Alkz, ky, bz, 2) = FT{A(Z, 7, 22, 7} (8) responds to an helical undulator aftl = 0 for a planar
undulator. For simplicity here, the axial terms of the wig-
gler field that give the natural focussing remain unchanged
) from [2]. Note thatf is not a unit vector and the scaling
A 9

and applying to (7) yields the solution

—ip(k; + k)

ook of the equations is with respect to thecomponent of the
— 4pPRz,

undulator magnetic field. The scaling factdrappears ex-
plicitly in the equation of motion fop, ; only:

A(Zy + AZ) = A(Z) exp (

for an arbitrary initialz, and where the dependence_f
on (kz, kg, ks,) is understood. dpi; ayw [

In the absence of diffraction, but with electron source dz 2p {2
terms, the field equation becomes

(1+ H)e % — (1 — H)e% )—

2 2 i35
v < ZTP) GQ]'AG_ 2p —
A I . . . 2 w
% = LN el Mﬁﬁ(@,gﬁ@j).
2 awiy o L+ |p1yl ale [Q;(2+€Q)) (z; — i) 13)
(10) 8p* \| (1+1[p1;[?) (1+€Q;)?

In the previous code of [2], the field equation (10) was . . . -
solved simultaneously with the electron equations using ith all othgr equations in (1...6) remaining un.changed.
4th order Runge-Kutta and FEGM. One integration step r Note that this form allows the undulat9r polarisation facto
quired 3 different sets of field data distributed across the vVary as a function along its lengfii(z).
parallel processors: one for the Fourier transforms used in NUMERICAL MODEL
the diffraction step, one for the finite element, and one for
the RHS of the source equation (10) plus the electron equa-The summation over real electrons is changed to a sum-
tions. The optimum form of the electron data distributiormation over macro-particles using the method of [1]. The
also changes as they migrate across field elements. localised electron density over a volume elemignin the
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scaled spactr, 7, z2) containinglVy, electrons may be de-  prr oo o8 ST

scribed as a by a fractional weighting factor: xj < 10f  (Btbue) @A ((Gatner ) (@GN (Dt | (Baoward) Gaver 1od
itv i . Fouri i tion in | field i
the scaled peak electron density in the pulse: o2 [ransiomy | 1259 ecurier space) |processars) Transiom | sroceseer

Nk _ = 14 New method: olve field eqn. (9 ackward Fourier
7}@ - anp' ( ) Ein Fourier space] E Transform ]
. . . FIELD SOURCE AND ELECTRON DYNAMICS RUNGE-KUTTA STEP:
Using (14), the sum oveN real electrons, appearing in the  previous metnoa-
source term of (11), changes to a sum ovee 1... N, [ -

. . Calculate RHS Split data for | [inear solve
macroparticles each of electron charge weigitas fol- o e paralil  [~lO" FIntS

field equation Riiciectioy linear solver Elemag)
| OWS: equations Method

Gather data
back
to root

Update real
space
field array

New method:-

1 N 1 N Nm _ Calculate source of Calculate RHS of ackward Fourier Update field array
_ E ( .. )] — ﬁi § Nk ( .. )k — E Xk Vk ( .. )k‘ (15) Fourier Field eqn. (16) |  |electron eqns. (2-6) Transform in real space
k=1

j=1 P =1

Key:- (] Parallel communication; () Parallel operation; (] Operation on a single processor

Defining the normalized weighting, = x Vs, the final

form of the Fourier field equation (11) implemented in thc_figure 1:_ A schematic of the paralle_l algor_ithms show-
code is obtained: ing the differences between the previous Finite Element

Galerkin Method of [2] with the Fourier method presented
€Qr(eQr + 2) y here.

1+ [pisl?

8121 Y N, o
o = XkP Lk
0z w £=
PLANE WAVE APPROXIMATION

The field description can be altered to approximate a

ane wave by using only one node in the tranverse plane.

e |
The Fourier field is discretized into nodes along eac%my the constant, non-oscilatory term of the numerical
axis (z,y, 22) and wavevectok-values take the general goyrier series then exists i.d:;, k; = 0 and the field is

form & = 27n/l, where the integer-M/2 < n < M/2  hen only a function of,. Note, however, that this plane
and )M is the number of nodes spanning lengtidong the \ave representation of the field still allows full 3D elec-
axis. The numerical fast-Fourier transforms are taken ugn, dynamic effects such as emittance and beam focussing
ing the parallel processor FFTW open-source package [§}, he modelled correctly. For a ‘full’ 1D limit, only one

The macroparticles and fourier field nodes are initially disp4croparticle, and so one value of the transverse variables
tributed uniformly among the parallel processors with inig ;sed for each position iny. The model is therefore quite

o B B 1
exp [z(kzxk + kygr + Zox (kz, — 2{)))} . (16)

creasingz;. _ . flexible enabling a range of effects to be modelled, from a
I The ”teW split-step Fourier method consists of the folg|atively fast full 1D model, to the plane wave approxi-
owing steps:

mation while retaining complete 3D electron dynamics, to
1. Field Diffraction Step: The Fourier field diffraction the complete 3D model for both radiation field and electron
equation (9) is solved. Data redistribution of the transdynamics. o
formed field is not required. To make the plane wave approximation in the numer-
ical model the real-space field equation (10) is first inte-
2. Field Driving and Electron Propagation Step: Theyrated over the transverse planagi). The equation is then
Fourier field source equation (16) is solved and th&ourier transformed to give:
macroparticle equations (2-6) are propogated using a
4th order Runge-Kutta method. Some macropatrticle A Yy N _(1D) _ €Qr(eQr + 2)
data needs to be communicated between processors 9z  q,, Zxk Pk 1+ |posl x
to act as the source for all the Fourier field nodes h=1

of (16). After the macropatrticles drive the field in exp(—izay(kz, — i)) a7
Fourier space a backwards Fourier transform is re- 2p
quired to calculate the real field for the macropartl-wherexgp) — yuls andiy is the range of; initially occu-

cle equ_atlons (2'6)2 The macroparticle eqL_lathns arp(;ied by thekth macroparticle. Simulations using the code
solved in parallel without need for communication of; L X
. in the full 1D limit give very good agreement with results
field data between processors.
from [1] and [3].
3. _The Iatt_er two steps are repeated until the end of the EXAMPLE
integration.
A summary of the differences between the previous FEGM A simple example is used to demonstrate first simula-
algorithm of [2] and the new method presented here ison results using the code. Several high gain FEL schemes

shown in Fig. 1. operating at short wavelengths propose to use the exhaust
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Figure 2: Spectra in the 1D planar wiggler limit for a short

electron pulse generating CSR both with (green) and with- -4 -2 0 2 4
out (blue) coupling to the radiation field.

Figure 3: Scaled electric field vector plot using the code
electron bunches to generate long wavelength radiation viilathe 3D planar wiggler limit to demonstrate generation of
Coherent Spontaneous Radiation, where the electron burlgteraly polarised radiation from a planar wiggler.
length is less than the resonant wavelength of a long period
undulator. While averaged FEL codes cannot model this
interaction .thc_e non-averaged code described here can. Pa- REFERENCES
rameters similar to that of the UK NLS proposal [11] are _
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